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1. Introduction

It is known that, for commodities, interest rates and exchange rates, a financial mean-reversion model has more economic
logic than the geometric Brownian model. The basic geometric mean-reversion model is of the following form

dXt =k(/1,—lr1Xt)Xt dt+0xtdBt, (11)

where p is the long-run equilibrium level (of a stock price X;, say), k is the speed of reversion, and B; is a standard
Brownian motion.
However, many observations show that an asset price or an interest rate is not always a Markov process since it has
long-range aftereffects. And in this context, it is suitable to express it as a dynamics driven by a fractional Brownian motion.
In this paper, we study a class of fractional geometric mean reversion processes expressed by a fractional stochastic
differential equation (SDE) of the form

[dxr = (e —keIn X)) Xe dt + o Xe dWH, 0<t<T,
Xo=x>0,

(1.2)

where W[” is a fractional Brownian motion of the Liouville form. This can be considered as a generalization of many
important financial models such as that of Black-Scholes, and of (1.1) which was used by Tvedt [11] to model spot freight
in shipping.

The fractional Brownian motion (fBm) of the Liouville form with Hurst index H € (0, 1) is a centered Gaussian process
defined by

t
Wﬁ:/]((t, s)dBs, (1.3)
0

where B is a standard Brownian motion and the kernel K(t,s) = (t —$)%, « = H — %
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In the case where H = % WH is a standard Brownian motion and for H # % WH is neither a semimartingale nor a

Markov process. Hence, the stochastic calculus developed by It6 cannot be applied.

In this paper we use an approximate approach introduced by Tran Hung Thao and Christine Thomas-Agnan [8] with
the fundamental result saying that a fBm can be L2-approximated by semimartingales. This approach was used by Thao to
study the fractional Ornstein-Uhlenbeck process and fractional Black-Scholes model [8-10] and then by N.T. Dung [4] to
solve a class of fractional SDE’s with polynomial drift. In those papers, authors used the definition of the fractional stochastic
integral as a limit in L2(£2) of stochastic integral with respect to semimartingale, if it exists and their results hold only when

1
H>i'

In [2], Carmona, Coutin and Montseny have given a sufficient condition (see hypothesis (H) below) for existence of limit
in L2(£2) and so the fractional stochastic integral can be explicitly represented via the Skorohod integral and the Malliavin
derivative.

Our paper follows Carmona, Coutin and Montseny’s work and is organized as follows: In Section 2, we restate some
basic facts about a semimartingale approximation of fractional processes and the definition of fractional integral. Section 3
contains main result of this paper that the explicit solution of (1.2) is found. Section 4 contains some comments.

2. Preliminaries

Theorem 2.1. The fractional Brownian motion {W !, 0 < t < T} can be approximated uniformly in t in L*(£2) by the processes
t

wie = / K(t+e¢,5)dBs, &>0.
0
WtH # is F;-semimartingale with following decomposition
t t t
WtH"‘":/K(s+s,s)d35+/<p§ds:£°’3t+/g0§ds, (2.1)
0 0 0
where (F;, 0 <t < T) is the natural filtration associated to B or WH and

N
¢§:/311<(s+e,u)d3u, 0Kt s)=at—s)*".
0

Proof. A detail proof of this theorem can be found in [10]. O
From now we denote by (H) the space of stochastic processes satisfying the following hypothesis:

Hypothesis (H). Assume that f is an adapted process belonging to the space D};’2 and that there exists g fulfilling 8+ H >
1/2 and p > 1/H such that

: E[(fu—fs)2+/y (DB fu—DB f)2dr] . .
(1) ||f||i12 ‘=SUPgs<u<T = ‘fg_s‘rz,su L= is finite,

(ii) supgs-1 fs belongs to LP($2).

Remark 2.1. The space D}f is defined as follows:

For h € L2([0, T],R), we denote by B(h) the Wiener integral
T

B(h):/h(t)dBt.
0

Let S denote the dense subset of L2(£2, F, P) consisting of those classes of random variables of the form

F = f(B(h1), ..., B(hy)), (2.2)

where ne N, f € C;O(R”,Lz([o, T1,R)), hi,...,h, € L2([0, T],R). If F has the form (2.2), we define its derivative as the
process DBF := (DBF,t € [0, T]} given by

uayi
ppr=3" 2L s, B,
k=1
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We shall denote by D B 2 the closure of S with respect to the norm

2
IFlln = [EIFP]? +E[/|D5F|2dui|
0

It is well known from [2] that for an adapted process f belonging to the space DL’Z we have

t t t
/fdeSH*S=/fsl<(s+8,s)st+/fs¢fds
0 0 0
t tt
=/fs1<(t+8,5)st+//(fu—fs)811<(U+8,S)duéBs
0 0s

ts
+// DB f01K (s + &, u)duds, (2.3)
00

where the second integral in the right-hand side is a Skorohod integral (we refer to [7] for more detail about the Skorohod
integral). For f € (H), /Ot deWSH’S converges in L%(£2) as € — 0. Each term in the right-hand side of (2.3) converges to the
same term where ¢ = 0. Then, it is “natural” to define

Definition 2.1. Let f € (H). The fractional stochastic integral of f with respect to W is defined by

t t tt t u
ffdeSH:/f51<(t,s)st+/f(fu—fs)811<(u,s)du835+/du/fouZhK(u,s)ds. (2.4)
0 0 0s 0 0

3. The main result

Our main contribution here is to introduce an approximation equation for the fractional geometric mean reversion pro-
cess X, to find its solution X{ and to prove the uniqueness of this solution. Also the solution of the initial problem is
shown to be exactly the L2-limit of X{ when ¢ — 0.

Let us consider the semilinear differential equation in a complete probability space (£2, F, P)

dXt = ([/Lt — kt In Xt)Xt dt + O'tXt thH, te [0, T], (31)

where the coefficients u:, k;, o are the deterministic functions and the initial condition Xo = x is a positive constant.
Since the Malliavin derivative DE fs =0 for any deterministic function fs; we have the following definition:

Definition 3.1. The solution of (3.1) is a stochastic process belonging to the space (H) and that has a form
t

Xt=X0—i—/(//g5—kslnXS)Xsds—i-/GSXSK(t,s)dBs
0

//(auXu 0sX5)01K(u,s)duéBs + //O'SD X;01K(s,u)duds. (3.2)
0s

Since Eq. (3.2) contains the Skorohod integral and the Malliavin derivative, we cannot apply standard methods (for
instance, Picard iteration procedure) to prove the existence and uniqueness of the solution. However, the fact that WtH

can be approximated uniformly in ¢t € [0, T] by semimartingales WtH ¢ leads us to consider the approximation equation
corresponding to (3.2)

Xs—Xo-‘r

t
o
0

t t
f — ks In X$) XS a!s+/osxfk(urs,s)ausS
0 0
t
f (ouXf; —osX5)h K(u +¢, s)du535+//05D X{01K(s+¢&,u)duds. (3.3)

S
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Noting that in (H), the solution X{ of (3.3) converges in L%(£2) to the solution X; of (3.2). Thus, we can find the solution
of (3.2) by solving the approximation equation (3.3) in (H) and then taking limit in L?(£2) as & — 0.
Now we can rewrite the approximation equation (3.3) as follows

dXE = (pte — ke In XE) XE dt + o XE dW [
or
dX{ = (e + or@f — ke InX7) X{ dt + ore® X dB. (3.4)

In reversion, it follows from (2.3) that the solution X{ of (3.4) will solve (3.3) if it belongs to D};‘z.

In the remain of this paper, we always assume that the coefficients wu;, k: are continuous functions and o; is a continu-
ously differentiable function in [0, T].

The stochastic process ¢f is not bounded. However, the existence of the solution of (3.4) can be proved as in Theorem 3.1
below and we can establish the uniqueness of the solution of Eq. (3.4) by introducing the sequence of stopping times

t
rM=inf[te [0,T1: /(¢§)2d5> M} AT,
0

and considering the sequence of corresponding stopped equations

deA‘L'M = ('U“f/\TM + Otaty (pfArM - kf/\TM In XtSArM)XteArM dt + Otaty e XfArM dBf' (3'5)

We can verify that the coefficients of (3.5) satisfy the local Lipschitz condition. Hence, the uniqueness of the solution is
assured (see, for instance [6]).

Theorem 3.1. The solution of (3.4) is given by

t t

1
th = exp(e_fcfku du In Xo +f<ﬂs — 505282a>e_fs[ku du ds + / O_Se_fsfkudu dWSH,S) (3.6)
0 0

Moreover, if the Hurst index H > % then Xf € (H) C D;‘Z.
Proof. Put Y/ =InX{. The It6 differential formula yields
1
dyf = (/u + orpf — 50382“ — Mf) dt + o dB;. (3.7)

Using a method similar to [5, Proposition 4.2], we can find the explicit solution of (3.7) by
t . t
Yf = e~ Jokudu (Yo + / <,us - Easzszo‘)efg kudu g 4 / oselokud dWSH'E).
0 0

Consequently, (3.6) is proved. Next, we prove that any order moment of X{ to be finite. We have

E|XE|" = EemYt = et Eenmebt (3.8)

’n
t
where m; =e~Jokud & —m,(In Xo + f()t(us — 302e2)m1ds), bf = f(f osmy 1 dwie
Since asms‘l € C'[0, T], the stochastic integral bf can be understood as Riemann-Stieltjes and as a consequence b; is a
centered Gaussian process. We can prove its variance is finite and then E|X{|" so does for every fixed & > 0. Indeed,

t 2
Elbi P =E /Usefékudu((pg ds + £ dBs)
0
t 2 t t
<2ME /(pfds +2Mf82“ds=21v1<5|w[”8 —8“Bt|2+/82"‘ds),
0 0 0

S
where M = supo s, o2e?Jokudt,

2H
E|bf|” <2MQE|W/"|* +36%t) < 21\4[% +3gzaT]'
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Finally, we will show that X¢ satisfies hypothesis (H). By the Lagrange’s theorem and the Holder’s inequality we have
E|XE — xZ* = Ele¥i — e |?

P ENK 413 € e1413

< E[Actt ) (Y —¥E)[* < [E|Ac e 9 [*) [£]vE — ve[*]2,

where Ag (t, ) = SUPmin(ye v¢)<x<max(vf,ve) €* that has fourth moment being finite because A (t,s) < elYEIHIYSL
By the inequality (a + b)? < 2P~1(aP 4 bP) for any p > 1 we have

E|vE — vE|* <8(E|af —at[* + E|mebf —mebt[*).

It is obvious that |af — af| + |m; — ms| < M|t — s| with some finite positive constant M,. We put ¢ = Usm;1 = Gsefosl‘u du
then c; is a deterministic function fulfilling hypothesis (H) with g = % and b{ can be represented as
t tt
bf =/csl<(t+8,s)st + //(cu —¢5)0 K(u+¢,s)dudBs
0 0s
t tt
:/ctK(t +¢&,v)dBy + // K(u+¢€,v)c,dudB,
0 R
tu t
=cWH* 4 // K(u+e,v)c,dB,du=cW/ + / wh-ec du. (3.9)
00 0
Hence,
¢
E|bf —b¢[* <EleWl —cowHel* ¢ / ElwHec,|*du < Mt — ],
N
where M. is some finite positive constant. Thus, for s,t € [0, T] then
E|XE — XE|* < Mt —s)2. (3.10)
We have from the chain rule for Malliavin derivative and the expression (3.9) for any 0 <r <t
t
DEX? = XEDBYF = XfmDEbE = XPm, (ctK(t +&,1)+ / K(u+e,nc, du)
0
and
T tAs
/ E|DExE — DEXE[*dr <2 / E|XEmeceK(t+ &, 1) — XEmgesK (s +,7)|* dr
0 0
tAS t s 2
+2f E Xfmt/K(u +¢,r)c, du — XfmS/K(u +e&,r)c, dul dr
0 0 0
< M|t — s|Min(3:2H) (3.11)
where, in above estimates, we used an elementary result that
tAs
/|I<(t+8,r) —Ks+en|dr <EWH, —wh |* =t —sH.
0

Combining (3.10) and (3.11) we get

” X¢ Hi}gz =M, sup |t— S|min(%,21-1)_2,37
O<s<u<T
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which means that X¢ satisfies the condition (i) in (H) for any 3 — H < g < min(}, H), provided that H > ;. The condi-
tion (ii) in (H) is proved as follows:

p &
( sup Xf) < sup eP% exp( sup pmtbf).
0<I<T 0T 0<t<T

Noting that af, m; are deterministic functions and b; is a Gaussian process with finite variance. Therefore, {Z; = P m){bf,
0 <t < T} is a pre-Gaussian process for any A > 0. By the results in [1, Corollary 1.1, p. 79 and Lemma 3.1, p. 140] we have
supo<r<r XE € LP($2) for any p > £ > 1.

The proof of theorem is thus complete. 0O

Now taking the limit in L2(§2) as € — 0 we obtain the following theorem.

Theorem 3.2. Consider the fractional stochastic geometric mean reversion equation (1.2). If H > % its solution is unique and given by

t t
Xt = exp(eféku du In Xg + / /\Lseifstk” du ds _i_/o-se*fg[ku du dWSH>
0 0

If H = 5, the solution is a well-known classical lognormal process

1
21
t 1 t
t t ot
X[:exp<e‘f0k“d“ 1nX0+/(MS— 5052>e_fs"“d“ ds+/ase_fs ku du st>.
0 0

If § < H < 3, (1.2) has no solution.

Proof. In the case, H = % the proof is trivial. When H > % using similar estimates as above we can prove that X; satisfy
the hypothesis (H) and so it solves (1.2). Eq. (1.2) has no solution when }1 <H< % since L2-limg_.g X;=0. O

Remark. In the case H > %, the solution X; is also a lognormal process because the fractional stochastic integral

t t
fyose=JskadugwH is a [2-limit of the Gaussian process [ ose™ /s ke@ dw " This significant property make X; as a nat-
ural candidate not only to model spot freight rate in shipping but also to model stock price in mathematical finance. We
refer to [3] for an excellent application of fBm to finance.

4. Conclusion and possible extension

The semimartingale approximate method presented in this paper can be used to study a wider class of the fractional
stochastic differential equations of the form

dX; =b(t, X¢)dt + o XedWH, 0<t<T. (4.1)

From practical point of view, it is important to find the explicit expression for the solution of each specific model. The
present paper show again that the semimartingale approximate method has more advantages for this.

It is well known that in the special case H = % the anticipate differential equation (4.1) is the widest class that it can
be explicitly solved. In our context, (4.1) can be approximated by a classical stochastic differential equation with the same
initial condition

dX{ = [b(t, X{) + orpf X{ | dt + €% 0 X{ dBy, 0<t<T. (4.2)
The explicit solution of (4.2) is given by
_ZE
t Yf ’

where Y =exp(3 fot 02e?ds — fot osdW{¥) and Z¢ is the solution of the ordinary differential equation

Z€
dzf = be(t, y_;) dt, Z§=X§= Xo.
t

For a suitable function b(t, x), the solution of (4.1) will be a L2-limit of X{ as e — 0.
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