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ON THE INDEX OF REDUCIBILITY OF POWERS
OF A STANDARD PARAMETER IDEAL

NGUYEN TU CUONG, PHAM HUNG QUY, AND HOANG LE TRUONG

ABSTRACT. In this paper we study the index of reducibility of powers of a standard param-
eter ideal. An explicit formula is proved for the extremely case. We apply the main result
to compute Hilbert polynomials of socle ideals of standard parameter ideals.

1. INTRODUCTION

Throughout this paper, let (R, m) be a Noetherian local ring with the infinite residue
field ¢ = R/m, and M a finitely generalized R-module of dimension d. A submodule N
of M is called an wrreducible submodule if N can not be written as an intersection of two
properly larger submodules of M. The number of irreducible components of an irredundant
irreducible decomposition of N, which is independent of the choice of the decomposition
by E. Noether [9], is called the index of reducibility of N, and denoted by iry(N). For a
parameter ideal q of M, the index of reducibility of ¢ on M is the index of reducibility of
qM and denoted by iry(q). We have iry,(q) = dime Soc(M/qM). In the case M is Cohen-
Macaulay, D.G. Northcott proved that iry,(q) is an invariant of the module (cf. [10]) and it is
called the Cohen-Macaulay type of M. More precisely, we have iry/(q) = dimg Soc(HZ(M))
for all parameter ideals q, where H! (M) is the i-th local cohomology module of M with
respect to the maximal ideal m. After that several authors tried to extend Northcott’s result
for other classes of modules, such as S. Goto, N. Suzuki and H. Sakurai for Buchsbaum
modules in [7, [§]; and the authors for generalized Cohen-Macaulay modules in [I}, 4] (see also
[0l [TT), 12, 5], I8, 9] for other extensions). If M is a generalized Cohen-Macaulay module
and q is a standard parameter ideal of M, then Goto and Suzuki in [8, Theorem 2.1] showed
that

(@) < Z () dimeSoctrzy (0.

In [I, Corollary 4.3] and [4, Theorem 1.1] the authors proved that if the parameter ideal g
is contained in a large enough power of m we have

d

na) = 3 () dimeSoc(3 (40). (o)

1=0

Key words and phrases. Index of reducibility, generalized Cohen-Macaulay, standard ideal, Local
cohomology.
2010 Mathematics Subject Classification: 13H10, 13D45, 13A15, 13H15.
This work is partially supported by funds of Vietnam National Foundation for Science and Technology
Development (NAFOSTED) under grant numbers 101.04-2014.15 and 101.04-2014.25.
1


http://arxiv.org/abs/1604.07055v1

2 N.T. CUONG, P.H. QUY, AND H.L. TRUONG

On the other hand, for each ideal I the authors in [2] proved that the function iry (1" M)
becomes a polynomial for large enough n. In particular, suppose that M is Cohen-Macaulay
and q is a parameter ideal, then we have (cf. [2, Theorem 5.2])

n+d—1

irM(q"HM) = ( d—1

for all n > 0. The aim of this paper is to extend this result for the case M is generalized
Cohen-Macaulay and q is standard. Firstly, similar to the inquality (x) we have the following
result.

) dimg Soc(H4(M))

Theorem 1.1. Let M be a generalized Cohen-Macaulay module of dimension d > 0 and
q = (1,...,74) a standard parameter ideal. Set s;(M) = dimg Soc(HL(M)) for alli =0, ...,d.

Then
d d—i+1 .
n+d—z d—1
n+1M SZ( ) Z (]—I)SJ(M))_I—SO(M)
im1 j=1
for allm > 0.

Then, when the standard parameter ideal q satisfies the extremely condition (¥*) we have

Theorem 1.2. Let M be a generalized Cohen-Macaulay module of dimension d > 0 and
q = (z1,...,zq) be a standard parameter ideal of M. Suppose that irp(q) = Z?:o (‘j) si(M),
where s;(M) = dimg Soc(H! (M)) for alli=0,...,d. Then

=S (N (4

7j=1
for allm > 0.

It should be noted here that the technical arguments that used in this paper are mainly
based on technical properties of standard system of parameters and colon ideals. For exam-
ple, the key ingredient of the proof of Theorem is proving that the equality q" ™M :p
m = q"(qM :g m) + (0 :3y m) holds true for all n > 0 (Lemma [.5]).

This paper is organized as follows. In the next section we recall the notions of generalized
Cohen-Macaulay, standard parameter ideal and the index of reducibility. Theorem [I1] is
proved in Section 3. Section 4 is devolved to prove Theorem In the last section, we
apply Theorem to give an explicit description for the Hilbert polynomials of socle ideals
(cf. Theorem [(.2]).

2. PRELIMINARY

We start this section with the notions of generalized Cohen-Macaulay and standard pa-
rameter ideals in terms of local cohomology (cf. [3], 14]).

Definition 2.1. (i) An R-module M is called a generalized Cohen-Macaulay module if
HE (M) has finite length for all i < d.
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(ii) A parameter ideal q = (x1, ..., z4) is called standard if

for all non-negative integers i, j with i + j < d.
(iii) An R-module M is called Buchsbaum if every parameter ideal is standard.

Notice that a standard system of parameters forms a d-sequence. The following result is
useful in this paper (see [14, Corollary 2.6)).

Lemma 2.2. Let q = (x1,...,24) be a standard parameter ideal of M. Set q; = (x1, ..., ;)
forallt=0,...,d —1. Then we have

() (g™, qio )M s 2y = q"M + (g M : ;) forall n>0,i=1,..,d.

(i) (q;-1M :zy)) N gM = g, M forall i =1,..,d.

We now present the main object of this paper.

Definition 2.3. A submodule N of M is called an irreducible submodule if N can not be
written as an intersection of two properly larger submodules of M. The number of irreducible
components of an irredundant irreducible decomposition of N, which is independent of the
choice of the decomposition, is called the index of reducibility of N, and denoted by iry, (V).
For a parameter ideal q of M, we define the index of reducibility of q on M is the index of
reducibility of qM, and denoted it by iry(q).

Remark 2.4. We denoted by Soc(M) the sum of all simple submodules of M. Soc(M) is
called the socle of M. If R is a local ring with the unique maximal ideal m and k = R/m
its residue field, then it is well-known that Soc(M) = 0 :py m is a k-vector space of finite
dimension. Let N be a submodule of M with ¢z(M/N) < co. Then it is easy to check that
irp (N) = Lg((N : m)/N) = dim, Soc(M/N).

Notation 2.5. In this paper, for each i = 0, ..., d, we set s;(M) = dimg Soc(HE (M)).

Remark 2.6. (i) If M is Cohen-Macaulay, a well-known result of Northcott said that
the index of reducibility of ¢ on M is an invariant of the module, More precisely,
irpr(q) = sa(M) for all parameter ideals q.

(ii) This Northcott’s result was considered by many authors in larger classes of modules
(see, [1I 14 [7, [, [11], 12} 15]). Recently, it is extended for any finite generated R-module
in [6]. In the case M is generalized Cohen-Macaulay, Goto and Suzuki in [8, Theorem
2.1] showed that

(o) < gst) ()

for every standard parameter ideal q of M. In [I, Corollary 4.3] and [4, Theorem 1.1]
the authors proved that the equality occurs when g contained in a lager enough power
of m.

For each ideal I, it is natural to ask about the behavior of the function iry(I""'M) in
terms of n. In [2, Theorems 4.1] the authors proved the following theorem (see also [16] [17]).
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Theorem 2.7. Let (R,m) be a Notherian local ring and M a finitely generated R-module
of dimension d. For each ideal I the function iry (I""*M) becomes a polynomial for large
enough n. Furthermore, if I is an ideal such that ¢(M/IM) < oo, then the polynomial has
degree d — 1 and written as follows

d

0 (1M = Z(—l)ifi(]; M) (" ZZ_i Z_—ZI 1)

=0
for large enough n and f;(I; M) € Z for alli =0,...,d — 1.
In the case of parameter ideals, we have the following (cf. [2, Theorem 5.2])

Theorem 2.8. Let M be a Cohen-Macaulay R-module of dimension d and q a parameter
ideal of M. Then we have

(30 =san) (" 547

d—1
for alln > 0.

The readers may find in [I6] [17, [19] for more characterizations of the Cohen-Macaulayness
of M in terms of the coefficient fy(q, M). In this paper we study the function iry,(q" ™M)
when M is generalized Cohen-Macaulay and ¢ is a standard parameter ideal of M.

3. AN UPPER BOUND FORMULA

In this section we estimate the index of reducibility of powers of standard parameter ideals.
By the next result we show that the problem can be reduced to the case depth(A) > 0.

Lemma 3.1. Let M be a generalized Cohen-Macaulay module of dimension d and M =
M/H2(M). Let q = (x1,...,24) be a standard parameter ideal of M. Then

iy (471 M) = ivgg (a7 0) + so(R)
for alln > 1.
Proof. Since q is standard and Lemma 2.2] we have
(g™ + Hy(M)) :p m © (@M + Hy(M)) 2y 20 = "M + Hy(M).

Let x € (q""'M + H2(M)) :r m, we have x = y + z with y € "M and z € H2(M). Hence
my C q"M N (q"T'M + HY(M)) = q" ' M. So y € "' M :j; m. Therefore

("IN + HO(M)) 22 m = (qFM oy m) + HO(M)
for all n > 1. From the above equation we have that the short exact sequence
0— HY(M) — M/q"""M — M/q""'M — 0
derives the short exact sequence
0= (0) gy m — (@M g m)/q" M — ("M g m)/q" M = 0
for all n > 1. The proof is complete. O
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When depth(M) > 0 we have so(M) = 0. So the following lemma is obvious, hence we
omit its proof.

Lemma 3.2. Let M be a generalized Cohen-Macaulay module of dimension d > 0 and
depth(M) > 0. Then every parameter element x is a regular element of M and s1(M) =
(((xM :m)/xM).

For inductive arguments that used in this paper we need the following result.

Lemma 3.3. Let M be a generalized Cohen-Macaulay module of dimension d > 1 and
depth(M) > 0. Letq = (x1, ..., zq) be a standard parameter ideal of M and set M' = M /x1 M
and q' = (va,...,xq). Then
irp (4" M) — irag(q" M) < ieap ()" M) = s1(M)
for alln > 1.
Proof. By Lemma we have q" "M : 21 = q"M, so we have the short exact sequence
0— M/q"M — M/q""'M — M'/(¢)""' M — 0
for all n > 1. By applying the functor Homg(R/m, ) we obtain the following exact sequence
0 = (q"M s m)/q" M — (q"HM sy m) /g M5 [(4)" M 2y ml /(q) M
Therefore
irpr (g™ M) — irag (g7 M) = ieap ()" M) = £(coker(¢,)

)
for all n > 1. On the other hand we have im(¢,) = [(q"T'M 3y m) + 21 M|/ (q" T M + 2, M),

hence
(q""M + 2, M) ;) m

(@M sy m) + 2 M

coker(p,) =

Thus for all n > 1 we have
(qn+1M M m) + (l’lM M m))
(qPtIM iy m) + 2 M
oM oy m
= f( . n+1 . )
oM yym
= f( . n+1 . )
oM yym
e g _—
)
= Sl(M).
For the third equation we note that
(LL’lM M m) N (qn+1M M m) (S(ZlM M LL’Q) N q "M - S(ZlM

by Lemma 2.2 and the last equation follows from Lemma The proof is complete. [

((coker(pn)) > £

We are now ready to prove the main result of this section.
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Proof of Theorem[I.1. We prove by induction of d. If d = 1 we have ¢ = (z) and q"*! =
(z"*1). The assertion follows from the Goto-Suzuki result (see, Remark (ii)). Suppose
that d > 1 and the assertion is proved for d — 1. If n = 0, thanks to Goto-Suzuki’s result we
have

(@) < Z (D=3 (3 (477)sm) +on)

For n > 1, by Lemma B we have iry (q"T'M) = irg(q"T'M) + so(M) where M =
M/HY(M). Since so(M) = 0 and s;(M) = s;(M) for all i > 0, we can assume hence-
forth that depth(M) > 0. We need to prove that

0 (g™ M) Si(”*d_l) djzifl (j:i)gj(M)).

i=1

Set M’ = M/(z1)M, we have q' = (29, ..., z4) is a standard parameter ideal of M’. The short
exact sequence

0>ME3B3IM-—->M =0

derives that H2(M') = HL (M) and the exact sequence
0— HL(M)— HL(M'") — H- (M)

for all i = 1,...,d — 1. Therefore so(M') = s1(M) and s;(M') < s;(M) + s;.1(M) for all
i=1,...,d — 1. By Lemma 3.3] we have

it (" M) — irar (a0) < S [ivar(a)FF M) — s1(M)).

k=1
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By inductive hypothesis we have
ity (g M)~ ira(q)
d

< SIS G (o) st s
< 2 (S (G e o)

- S E (T een)

- BSOS ()sm)

- (52 (o))

[N\
NE
VR
3
. +
=Y
=
—_
N—
—
<9
i“

Thus

This completes the proof. O
Remark 3.4. It should be noted that the inequality in Theorem [[.I] becomes an quality

=5 5 (o -

Jj=1

for some n > 1 if
d

) = 3 (1) sian

=1

where M = M/H?(M). In the next section we will show that the converse conclusion is also
true.
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Let q be a parameter ideal of M. By Theorem 2.7 we write for large enough n

d—1 :
, . ; n+d—i—1
30 = -0 an (0T
i=0
with f;(q; M) € Z for alli = 0,...,d— 1. The following immediate consequence of Theorem
[LIlis a generalization of [16] Proposition 3.4].

Corollary 3.5. Let M be a generalized Cohen-Macaulay module of dimension d > 2 and q
a standard parameter ideal. Then

ola; M Si(J—l) M)

In the next section we can see that the inequality in Corollary is an equality for all
parameter ideals contained in a large enough power of m.

4. THE EXTREMELY CASE

In this section we compute the index of reducibility of powers of standard parameter ideals
q that satisfy the extremely condition, it means that

@ =3 (1) son

i=0
Lemma 4.1. Let M be a generalized Cohen-Macaulay modules of dimension d and q =
(21, ..., zq) a parameter ideal of M. Let M' = M/x1M and ¢ = (xa, ...,x4). Then

(i) If q is standard and irp(q) = Zf 0 (d) i(M), then s;(M') = s;(M) + s;11(M) for all

i=0,.,d—1 and ivap (q) = S0 () si(M7).
(i) Let ng be a positive integer such that m"™ H: (M) =0 for all i =0, ...,d — 1. Then for
all parameter ideal ¢ C m*™ we have q is standard and

d
: d
) =3 (750,

i=0
Proof. (i) is trivial, and (ii) follows from [Il, Corollary 4.3]. O

Lemma 4.2. Let M be a generalized Cohen-Macaulay module of dimension d and M =
M/HY(M). Let q= (1, ...,xq) be a standard parameter ideal of M satisfying that irp(q) =

Zf 0 (d)s,( ). Then
iIM(qn+1M) = irﬁ(qnﬂﬂ) + SO(R)
for allm > 0.

Proof. The case n > 0 was proved in Lemma Bl The case n = 0, we have iry(q) <

() + so(M) and d d
(@ = 3 () = 30 (7)o
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Thus ir57(q) = S0, (9)si(M) and ira(q) = irg7(q) + so(M). O
Similarly Lemma we have the following result.

Lemma 4.3. Let M be a generalized Cohen-Macaulay module of dimension d > 1 and
q = (21, ...,2q4) a standard parameter ideal of M satisfying that irp(q) = Z?:o (Cf) si(M). Set
M' = M/x1M and q = (22, ...,x4). Then

irar (q" M) — it (q" M) < inap ()" M) = (so(M) + s1(M)
foralln > 1.

Proof. By Lemma 22 we have q""'M : z; = q"M + HJ(M), so we have the short exact
sequence -
0— M/q"M — M/q" ™' M — M'/(q')""'M" =0
for all n > 1, where M = M/H?(M). By applying the functor Homp(R/m, ) we obtain
0 = ("7 s )0 = (@70 30 )/ 25 ()0 ] 0
Therefore o
irpr (4" M) — iryg(q" M) = ivap (') M) — £(coker(p,))
for all n > 1. On the other hand we have im(¢,) = [(q"T'M y m) +2, M|/ (q" M + 2, M),

hence
(qn+1M + ZL’lM) vy m

(@M iy m) + 2 M

coker(p,) =

Thus for all n > 1 we have
(qn+1M M m) + (Z’lM M m))

(@M 2y m) 1 2 M
_ f( M yym )

(l’lM M m) N [(CI"'HM M m) + l’lM]
M yym )

[(ZL’lM M m) N (qn+1M M m)] + ZL’lM '
Claim. (z;M 3y m) N (q"TM 3y m) C 2y M + (0 13y m).
Indeed, let x € (z1M :py m) N (@M :py m). Since q"H'M 1y m C q"7IM :py 21 =
q"M + H2(M) we have z € (x1M 3y m) N (@M + H2(M)). Therefore z = y + z for some
y € qM and 2z € HY(M). Since mz and my are subsets of M we have mz C HY(M)NqgM =0
by Lemma (ii). Hence z € 0 :jy m. Therefore

(21 M oy ) O (q" M oy m) C (M oy m) N [qM 4 (0 1y m)]

= (0 M m) + [(l’lM ‘M m) N C[M] = LL’lM + (0 M m)

((coker(p,)) > £

:E(

The claim is proved.
It is clear that 0 :py m C (2, M 3y m) N (q" LM @3 m). By the claim we have

(1M s m) N (q" M sy m) + 2. M = 2 M + (0 m).
Thus

((coker(py,)) > ((

2 M 1y m )) = so(M') — so(M) = s1(M).

$1M+(0 vy m
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By Lemma B2 we have iry7(q"M) = irp(q"M) — so(M). Therefore
irar (g7 M) = (irar(q"M) — so(M)) < ivap((q)"7 M) — s1(M)
for all n > 1. The proof is complete. O

Remark 4.4. According to the proof of Lemma 3] we can see that the inequality of Lemma
becomes an equality if and only if

("M + 2 M) oy mo= ("M oy m) + (2 M 1y m)
for all n > 1.
In order to prove Theorem need the following key lemma.

Lemma 4.5. Let M be a generalized Cohen-Macaulay module of dimension d > 0 and
q=(x1,...,2q4) a standard parameter ideal of M. Suppose that

d n+d—1 it rd—
=3 () (4 ) it
i=1 j=1
for alln > 0. Then
q M oy mo=q"(qM sy m) + (0 m)

for alln > 0.

Proof. We will proceed by induction on d. If d = 1 and q = (x). We only need to prove
that 2" ™M :y m C 2"(aM 3y m) + 0 :;py m for all n > 0. The case n = 0 is trivial so
we can assume that n > 1. Let a € "' M :3; m. Since 2"™'M :py m C 2" M o =
"M + HY (M), we have a = 2"b + ¢ for some b € M and ¢ € H(M). Since ma C z" ™' M
and mz"b C "M we have mc C M N H2(M) = 0. Thus ¢ € 0 :j3y m. Therefore z"mb =
ma C z"MM. Hence mb C oM + H2(M). On the other hand by Lemma we have

irpys(2) = v go o () + so(M). So the map
Soc(M/xM) — Soc(M/(xM + H2(M))

is surjective. Therefore b € (xM + HO(M)) :p m = (xM 3y m) + H2(M)). Thus b=d +e
with some d € M :py m and e € HJ(M). Conclusion, we have

a=z"(d+e)+c=a"d+cea"(xM :py m)+ 0 m.

Hence 2" ™M :py m C 2" (zM :py m) + 0 :py m as desired.
Suppose d > 1 and the assertion is proved for d — 1. Let M’ = M /x; M and q' = (23, ..., x4).
By Lemma BT we have irp;(q') = Zf:_ol (dzl) si(M'"). By Lemma 3] for all n > 1, we have

i (0" M) = irag (q"M) < v ((9)" M) = (s0(M) + s1(M) = irar ((q)" M) — so(M).
By our assumption that

iy (M) = é(nﬂl—z) dil(j:i>gj(M))—l—so(M)
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for all n > 0 we have

for all n > 0. Combining with Theorem [LLT] we have
d—1 N d—i :
SCIASTED S QU [0 9l (e PETDRIVET
for all n > 0, and
iy (47 M) — g (g7 M) = it (6)F M) = (so(M) + 5, (M),
Now by the inductive hypothesis we have
(x1 M 4 q" M)y m = q"(qM :pr m) + (21 M 13 m)
for all n > 0. On the other hand by Remark [£.4] we have
(21 M+ q" 7 M) oy mo= ("M sy m) + (21 M 1y m)
for all n > 0. Therefore
(q" M oy m) + (oM oy m) = q"(qM i m) + (2 M 1y m)
for all n > 0. Hence
(@M g m) = q"(gM oy m) + (20 M iy m) O (q"TM 2y m)]
By the Claim of the proof of Lemma we have
(9" My m) € q"(qM g m) + (0 1y m) + 21 M.

We are now ready to prove q""'M :y m = q*(qM :pr m) + (0 3y m) for all n > 0 by
induction on n. The case n = 0 is trivial. For n > 1 we have

Q"M oy m o= q"(qM oy m) 4 (0 m) + [(qPTEM o m) Ny M

= q"(qM :ap m) + (0 :ar m) + 21 (¢ M 2y (21m))
= q"(qM :pp m) + (0 ;3 m) + 21 [(q"M + HO(M)) 3y m)] by Lemma 2.2
= q"(qM :py m) + (027 m) + 21 [(q"M 13y m) + HO(M)] by Lemma 2]
= q"(qM :py m) + (0 :py m) + 21(q" M )y m) by inductive hypothesis
= q"(aM sy m) + (0 m) + 21 [q" 7 (gM g m) + (01 m)]
= q"(gM 2y m) + (013 m).

The proof is complete. ]

We prove the main result of this section.

Proof of Theorem[1.2. The case n = 0 is trivial since

S (D)0 =303 (47 1)sn) « sin

i=0 i=1  j=1
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Assume that n > 0, we prove by induction of d. If d = 1 the assertion is clear. Suppose
d > 1 and we have proved the assertion for d — 1. Let M’ = M/x;M and ¢ = (22, ..., 24).

By Lemma BT we have irp;(q') = Zf:_ol (d_.l) si(M"). So by induction we have

d—1 ~  d—i ,
d—1— d—1—
IR TORD DY (A [0 Bf G MUTO 0TS
i=1 j=1
for all n > 0. By Lemma we have
(21 M 4+ q" ™ M) oy mo= q"(qM pp m) + (2. M iy m) C (q" M oy m) 4 (2 My m).

Therefore (z1 M + q" ™M) :py m = (q" M 3y m) + (21 M 13y m) for all n > 0. Now Remark
4.4l implies that

irar (M) — irag (M) = irap ()" M) = (so(M) + 51(M)

for all n > 0. Thus for all n > 0 we have

n

i (" M) — e (q) = Y fivar () M) = (so(M) + 51(M)].

k=1
By the same combinatorial transformations used in the proof of Theorem [LT] we have
d N d—itl .
, ntlap n+d—i d—1
vy (g™ M) = ; ( i ) ( ; (j - 1)sj(M)) + s0(M)
for all n > 0. The proof is complete. O

Corollary 4.6. Let M be a generalized Cohen-Macaulay module of dimension d. Let q be a
standard parameter ideal such that iry(q) = 3¢ (f) si(M). Then

=0
q" M i m = q"(qM g m) + (0 ;3 m)
for alln > 0.
Proof. Tt follows from Lemma EL.5 and Theorem O

Corollary 4.7. Let M be a generalized Cohen-Macaulay module of dimension d. Let ngy be
a positive integer such that m™ HL (M) = 0 for alli = 0,...,d — 1. Then for all parameter
ideals ¢ C m?™ we have

d n—l—d—z it rd—
i n—l—lM Z( ) Z (j_l)SJ(M))‘i‘SQ(M)
i=1 j=1
for alln > 0.

Proof. 1t follows from Lemma (1] (ii) and Theorem [I.2] O
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Corollary 4.8. Let M be a generalized Cohen-Macaulay module of dimension d and q a
standard parameter ideal of M. Put M = M/HQ(M). Suppose that ir57(q) = Zle (‘Z) si(M).
Then we have

S g (oo RO
for alln > 1. J

Proof. It q is a standard parameter ideal of M, then it is also a standard parameter ideal of
M. By Lemma Bl we have iry (q" ™' M) = irg7(q" ' M) + so(M) for all n > 1. The assertion
follows from Theorem [L.2L d

Corollary 4.9. Let M be a generalized Cohen-Macaulay module of dimension d and q a
parameter ideal of M. Suppose that q is a standard parameter ideal of M = M/H2(M) and

irxr(q) = o0, (9)s:(M). Then

) = 3 (” e ) (> (jj 1) (M) + so(M)

i=1 j=1
for all n > 0.
Proof. By [, Lemma 2.4] we have (q"M + Hy(M)) :py m = (q"M 13y m) + Hy (M) for all
n > 0. Then similar to Lemma B we have iry (q" M) = irgz(q" " M) + so(M) for all
n > 0. Now the assertion follows from Theorem [[.2 O

Ezample 4.10. Let S = K[[X,Y, Z,W]| be the formal power series ring over a field K. We
look at the following typical Buchsbaum ring
R=K[X.Y, ZW]J/(X.,Y)Nn(Z,W).

Let x, y, z, and w denote image of X, Y, Z, and W in R, respectively. It is easy to see
that R is a Buchsbaum ring with dim R = 2 and depth R = 1. More precisely, by the exact
sequence

0=>R=5/(X,Y)N(Z, W)= S/(X,)Y)®S/(ZW)— S/(X,)Y,ZW)=K =0

one can check that so(R) = 0,s1(R) = 1, s2(R) = 2. Since R is Buchsbaum, every parameter
ideal q of R is standard. By Theorems [I.1] and Remark 3.4] we have

@) = 3 ("8 (27 e s

i=1 j=1

= (s1(R)+ s2(R))(n+ 1)+ (so(R) + s1(R)).
3(n+1)+1.
if and only if
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By Lemma [T (ii) this is the case if ¢ € m?, where m = (x,y, z,w). We product an example
with irp(q"™) <3(n+1)+1foralln>0. Leta =2 —2, b=y —w, and qo = (a,b). It is
easy to see that

R/qo = K[ X, Y]]/(X,Y)*.
Therefore ¢o : m = m and irg(qo) = 2 < 4. Thus

irp(qi™) <3(m+1)+1

for all n > 0.

5. HILBERT POLYNOMIALS OF SOCLE IDEALS.

In this section we assume that (R, m) is a generalized Cohen-Macaulay local ring of di-
mension d. Let I be an m-primary ideal. It is well known that

ey = a0 (") —an (5T 4 e

for all n > 0. These integers e;(I) are called the Hilbert coefficients of 1. We will compute
explicitly all e;(/) in the case I = q :x m, where q is a standard parameter ideal of R

satisfying irg(q) = S0, (9)si(R).

Lemma 5.1. Let (R, m) is a generalized Cohen-Macaulay local ring of dimension d such
that R is not reqular. Assume that q is a standard parameter ideal of R satisfying irg(q) =
Zf 0 (d) i(R). Put I =q:gm. Then for alln > 1 we have

(I g g<n+d—z) djil (j:i)sj(m).

Proof. By [4, Theorem 1.2] we have I? = qI. Thus I"*! = q"(q :gp m). By Corollary L6 we
have £((q"™! :g m)/I"1) = 54 for all n > 1. So

€(1n+1/qn+1) — irR(qn—i-l) . SO(R)
for all n > 1. The assertion follows from Theorem O

Theorem 5.2. Let (R,m) is a generalized Cohen-Macaulay local ring of dimension d > 0
such that R is not reqular. Let q be a standard parameter ideal of R satisfying irg(q) =

S 0 (d) J(R). Put I =q:gm, and hj(R) = ((HL(R)) forall j =0,...,d—1. Then we have
eo(I) = eo(q) and

d—1 . d—i+1 i
o =0 (T - 3 (42 st
foralli=1,..,d —1, and eq(I) = (=1)%(hy — s1).

Proof. We have
((R/T™Y) = ((R/q™) — (I /q™H).
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By [13| Korollar 3.2] (see also [14, Theorem 4.2]) we have
d d—i

e = (" e (") 2 (1

=1

for all n > 0, where (d__il_l) =0if 7 # d, and (j) = 1. Combining with Lemma [5.1] we have

e = (" e (M3 (T -3 (47 s

for all n > 1.
Now, the assertion is just comparing coefficients of two polynomials. U

Notice that s;(R) = h;(R) for all : = 0,...,d — 1, provided R is Buchsbaum. By some
combinatorial transformations we have the following. The readers are encouraged to compare
this result with |5, Theorem 1.1].

Corollary 5.3. Let (R, m) is a Buchsbaum local ring of dimension d > 1 such that R is not
reqular. Suppose that q be a parameter ideal of R satisfying that irg(q) = Z?:o (Cf) si(R). Set
I =q:gm. Then we have eo(I) = ey(q),

a0 =5 (47 2+

Jj=1

and

ei(I) = (—1)* d§1 (d;i; 1) hj(R)

foralli=2,....,d—1, and
ea(I) = (=1)%(ho(R) — h1(R)).

Corollary 5.4. Let (R,m) is a Cohen-Macaulay local ring of dimension d > 0 such that R
s not reqular. Let q be a parameter ideal of R, and I = q :g m the socle ideal. Then we have

eo(I) = eo(q) and e1(I) = sq.
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