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Abstract

Let (R,m) be a commutative Noetherian local ring. A finitely generated R-module M is
called sequentially generalized Cohen-Macaulay module if there is a filtration My C M; C
- C M; = M of submodules of M such that 0 = dim My, < dimM; < --- < dim M;
and each M;/M;_; is a generalized Cohen-Macaulay module. In this paper we study the
asymptotic behavior of good systems of parameters, introduced in [N.T. Cuong, D.T. Cuong,
On sequentially Cohen-Macaulay modules, Kodai Math. J. 30 (2007), 409-428], of sequentially
generalized Cohen-Macaulay modules.

1 Introduction

Throughout this paper, let (R, m) be a commutative Noetherian local ring and let M be a finitely
generated R-module of dimension d > 0. Let x = x1,...,24 be a system of parameters (s.o.p.
for short) of M. It is well known that M is a Cohen-Macaulay module if ¢(M/zM) = e(z; M)
for every s.o.p. z, where e(z; M) is the Serre multiplicity of M relative to x. A generalization
of Cohen-Macaulay module is the notion of generalized Cohen-Macaulay module introduced in
[5] by N.T. Cuong, P. Schenzel and N.V. Trung: M is a generalized Cohen-Macaulay module
if the differences Ips(z) = ¢(M/xM) — e(z; M) for every s.o.p. z are bounded above. In this
case the number I(M) = sup, .y, Im(z) is called the Buchsbaum invariant of M, and it holds

I(M) = Zj:_ol (71 e(HE (M), where HY, (M) is the i-th local cohomology module with respect to
m. Moreover, there exists a large enough integer n (n > 0 for short) such that I, (z) = I(M) for
every s.0.p. £ C m™ ([11, Proposition 2.10]). A s.o.p. z satisfying Ips(z) = I(M) is called standard.
An R-module M is called Buchsbaum if every parameter ideal is standard. We recall that the index
of reducibility of a parameter ideal (z) on M is defined as Ng((z), M) = dimp/w Soc(M/(z)M),
where Soc(N) 2 0 :xy m = Hom(R/m, N) for an arbitrary R-module N. It is well-known that if
M is a Cohen-Macaulay module, then Ng((z), M) is independent of the choice of z. If M is a
Buchsbaum module, S. Goto and H. Sakurai have proved that Ng((z), M) is independent of the
choice of x C m™ with n > 0 (cf. [7]). N.T. Cuong and H.L. Truong in [6, Theorem 1.1] extended
Goto and Sakurai’s result for generalized Cohen-Macaulay modules. Recently, N.T. Cuong and
the author reproved this result, based on a splitting theorem for local cohomology ([4, Theorem
1.1, Corollary 4.3]).

Another generalization of Cohen-Macaulay module is the notion of sequentially Cohen-Macaulay
module introduced for graded rings by R.P. Stanley in [10] and for modules over local rings by P.

Schenzel in [9], and by N.T. Cuong and L.T. Nhan in [3]. In [3], the authors also introduced the
notion of sequentially generalized Cohen-Macaulay modules: M is called a sequentially (generalized)
Cohen-Macaulay module if there is a filtration F : My C M; C --- C M; = M of submodules
of M such that 0 = dimMy < dimM; < --- < dim M; and each M;/M;_; is (generalized)
Cohen-Macaulay. Such a filtration F is called a (generalized) Cohen-Macaulay filtration. In

order to study sequentially (generalized) Cohen-Macaulay modules we can consider a filtration
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F My C My C--- C My = M of submodules of M that satisfies the dimension condition that
0 =dim My < dim M7 < --- < dim M; = d. For such a filtration F with d; = dim M;, the notion
of good system of parameters with respect to F introduced in [1] is useful for the study of sequential
(generalized) Cohen-Macaulayness of M. A s.o.p. = x1,...,z4 is called good with respect to F
if M; N (xg,41,..,zq)M = 0 for all 0 < ¢ < ¢t — 1. Then, z1,...,z4, is a s.0.p. of M; for every
0<i<t—1.In[1], N.-T. Cuong and D.T. Cuong considered the difference

Irm(z) = LM/ (2)M) — Ze(xl, v T3 M)

=0

They proved that Ir ys(z) is non-negative for every s.o.p. z that is good with respect to F, and that
M is a sequentially Cohen-Macaulay module if and only if I jr(z) = 0 for some (and therefore
all) s.o.p. z that is good with respect to F, where 2 = x7",..., ;¢ for any d-tuple of positive
integers n = (ny,...,nq) ([1, Theorem 4.2]). Furthermore, N.T. Cuong and D.T. Cuong proved in
[2] that M is a sequentially generalized Cohen-Macaulay if and only if there are a filtration F and
a good s.o.p. z such that Ir (z2) is constant for all nq,...,ng > 0 ([2, Theorems 3.8, 5.2]).

The purpose of this paper is to show that the method used in [4] can be applied to study the
asymptotic behavior of good s.o.p. of sequentially generalized Cohen-Macaulay modules. For a
sequentially generalized Cohen-Macaulay module M with a generalized Cohen-Macaulay filtration
F we show that Ir (z) and Ng((z), M) are independent of the choice of good s.o.p. z of M with
respect to F contained in m”™ with n > 0. The main results will be proved in Section 3. In the
next Section we recall briefly some facts about filtrations satisfying the dimension condition, good
systems of parameters, and (sequentially) generalized Cohen-Macaulay modules.

2 Preliminaries

Let £ = #1,...,24 be a s.o.p. of M. We consider the difference In(z) = ¢(M/zM) — e(z; M),
where e(z; M) denotes the Serre multiplicity of M relative to x. Set I(M) = sup, In(x) where
the supremum is taken over all systems of parameters of M.

Definition 2.1. An R-module M is called a generalized Cohen-Macaulay module if I(M) < oo.

Some basic facts of generalized Cohen-Macaulay modules can be found in [5] and [11].

Remark 2.2. Let M be a generalized Cohen-Macaulay module. Then:

(i) There exists an integer n such that Ips(z) = I(M) for every s.o.p. z C m™.

(i) The i-th local cohomology HY (M) has finite length for all i < d, and

d—1

=% (d; 1)€(H§1(M))-

=0

(iii) (cf. [6, Theorem 1.1], [4, Corollary 4.2]) The indez of reducibility of a parameter ideal (z) on M
is defined by Ng((z), M) = dimp,m Soc(M/(z) M), where Soc(N) = 0 :xy m = Hom(R/m, N)
for an arbitrary R-module N. Then,

d
Nal(2):3) = 3 () iy Soc(H3 (00)
1=0

for every s.o.p. x C m"™ with n > 0.
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Next we recall briefly some basic facts about filtrations satisfying the dimension condition and
good s.0.p. as defined in [1].

Definition 2.3.

(i) We say that a finite filtration
F:MyCM, C---CMy=M

of submodules of M satisfies the dimension condition if dim My < dim M; < --- < dim M,
and then F is said to have the length ¢. For convenience, we always consider that dim M; > 0.

(ii) A filtration of submodules D : Dy C D; C --- C D, = M of M is called the dimension
filtration of M if the following two conditions are satisfied:
(a) D;_1 is the largest submodule of D; with dim D;_y < dim D; for i =¢,¢t —1,...,1.
(b) Dy = HY (M) is the 0-th local cohomology module of M with respect to the maximal
ideal m.

Definition 2.4. Let F : My C M; C --- C My = M be a filtration satisfying the dimension
condition. Put d; = dim M;. A s.o.p. £ = x1,...,xq of M is called a good system of parameters
with respect to F if M; N (xgq,41,...,xq)M =0 for i =0,1,...,t — 1. A good s.o.p. with respect to
the dimension filtration is simply called a good s.o.p. of M.

Remark 2.5 (see, [1]).

(i) The dimension filtration always exists and is unique. We will always denote the dimension
filtration of M by D: Dy C D, C ---C D; = M.

(ii) A good s.o.p. of M is a good s.o.p. with respect to every filtration satisfying the dimension
condition.

Let F: My C M; C --- C My = M be a filtration satisfying the dimension condition with
d; = dim M;, and let £ = z1,...,z4 be a good s.o.p. of M with respect to F. It is clear that
Z1,..., X4, 18 a s.0.p. of M; for all ¢ < ¢. Therefore, we can define

I‘F7M(£) = E(M/(E)M) - Ze(xla "'7xdi;Mi)7
=0

where e(z1, ..., xq,; M;) is the Serre multiplicity and e(z1, ..., xqy; Mo) = £(Mp) if dim My = 0. It
should be noted here that Ir a(z) is non-negative for every good s.o.p. z with respect to F
([1, Lemma 2.6]). Finally, we recall the notions of generalized Cohen-Macaulay filtrations and
sequentially generalized Cohen-Macaulay modules, and their relation to Ir p(x).

Definition 2.6. Let F : My € M; C --- C M; = M be a filtration of submodules of M.
Then, F is called a generalized Cohen-Macaulay filtration if it satisfies the dimension condition,
dim My = 0 and M, /My, ..., My/M;_1 are generalized Cohen-Macaulay modules. Moreover, M is
called a sequentially generalized Cohen-Macaulay module if it has a generalized Cohen-Macaulay
filtration.

Of course, every generalized Cohen-Macaulay module of dimension d is a sequentially gener-
alized Cohen-Macaulay module with the generalized Cohen-Macaulay filtration F : 0 C M. The
following results can be found in [2].
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Remark 2.7. Let M be a sequentially generalized Cohen-Macaulay module with a generalized
Cohen-Macaulay filtration F : My C My C --- C M; = M. Then:

(i) The dimension filtration D of M is a generalized Cohen-Macaulay filtration of length t.
Moreover ¢(D;/M;) < oo for all i < ¢.

(ii) My and H,]n(M/Ml) have finite length for all s < ¢ — 1 and all j < dim M;; — 1.

(iii) Put Ix(M) = sup, Ir a(z), where the supremum is taken over the set of good systems of
parameters of M with respect to . Then,

Ir(M) = 0(HO(M/My)) +§d§:1(< ”11> <d"j1)>e(Hg;(M/Mi)).

=0 j=1

Moreover, if z is a good s.o.p. of M with respect to F, then Ir p(z2) = Ir(M) for all
ni,...,ng > 0.

3 The main results

First, we recall some results from [4] that play the key role in this paper. Suppose we are given an
integer ¢, an ideal a of R and a submodule U of M. Set M = M /U. We say that an element z € a
satisfies the condition (#) if 0 :3y x = U and the short exact sequence

0— M-S M — M/zM — 0
induces short exact sequences
0 — HL{(M) — HY(M/zM) — HT' (M) — 0

for all i <t—1. In this is the case, we consider the above exact sequence as an extension of H, (M)
by Hit(M), therefore as an element of Extp(Hi™! (M), Hi(M)) (see [8, Chapter 3]). We denote
this element by E°. Especially, if H:(M) = H.(M), then we have a short exact sequence

0 — Hy ' (M) — Hg™H(M/aM) — 0 gy 37y @ — 0
Suppose that the short exact sequence above induces a short exact sequence
0—0 :Hg—l(M) a—0 :Hﬁ,’l(M/rM) a—0 :Hg(ﬁ) a— 0.

Then, we can consider this exact sequence as an element of Exth(0 : aen &0 g1 a), denoted

by F!=1. It should be noted here that an extension of R-module A by an R-module C is split if it
is the zero-element of Ext}(C, A).

Lemma 3.1 ([4] Theorem 2.2). Let M,U,M,a and t be as above, and let x,yy € a. Then, the
following statements are true.

(i) Suppose that x,y satisfy the condition (f), and that 0 :ps (x+y) = U. Then, x+y also satisfies

the condition (8), and E.,, = E. + E, for alli <t — 1. Furthermore, if HL(M) = HL(M)

and FI=' and Ft L are determined, then F£+y is also determined, and we have F;_@ =
Ft 1+Ft 1
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(ii) Suppose that x satisfies the condition (§) and that 0 :pr xy = U. Then, zy also satisfies the
condition (1), and E}, = yE} for all i <t—1. Moreover, if H{(M) = HL(M) and F,™" is
determined, then Fi ! is also determined and Fl ' =yFit. Especially, if yH{(M) =0 for
all i <t, then Fl,' = EL =0 foralli<t—1.

Lemma 3.2 ([4] Lemma 3.1). Let (R,m) be a Noetherian local ring, a, b ideals and p1, ..., pn
prime ideals such that ab € p; for all j < n. Let x € ab with « ¢ p; for all j < n. Then, there
are elements a1, ...,ar € a,b1,....,b, € b such that v = a1by + -+ + ayb,, and that a;b; ¢ p; and
arby + -+ ab; € p; for alli <r and all j < n.

For the rest of this paper, let M be a sequentially generalized Cohen-Macaulay module of
dimension d > 0 with a generalized Cohen-Macaulay filtration F : My € M; C --- C M; = M.
Let D: HY(M) = Dy C D; C --- C Dy = M be the dimension filtration of M. Set ¢; = AnnlM;
for all i = 0,...,¢, and let ny be a positive integer such that m™ Hg (M/M;) = 0 for all 1 <t —1
and allj S di+1 —1.

Lemma 3.3. Let x € m™¢;_; and y € m™ be parameters of M. For every submodule N of M
such that N C Dy;_1 and for all i < d — 1 we have an exact sequence

0 — Hy(M/N) — Hy (M/(zyM + N)) — HF'(M/Dy—1) — 0.

Proof. Notice that Dy_q/M;_1 = H(M/M;_1). Hence,
O:p7 2 D0y m™¢_q = (0 M Ct—l) D Mgy m™ =Dy,

So, &_1 CN:pyxCDiq:pypx=Dy 1. Thus, N :py x = Dy_1, and hence N :py xy = D;_1.
Put M = M/D;_;. The diagram

0 - —2 e M/N P M/(zyM + N) —— 0
0 - o+ M/N e M/(zM + N) — 0,

where p1,ps are the natural projections, commutes. By applying the functor H (e) to the above
diagram we get a commutative diagram

where 1;, p; are derived from the maps ME M /N, M 5 M /N, respectively. It is easily seen
that H2 (M) =0 and H{ (M) = Hi (M/M;_,) for all i > 0. Thus, yHE (M) =0 for all 0 < i < d
since y € m™. Hence, ¢; = 0 for all ¢ < d, and we have a short exact sequence

0 — H.(M/N) — H.(M/(zyM + N)) — HFY(M) — 0

for every i < d — 1. O

Suppose that for a parameter x € m?™°¢,_; and for i <t — 1 and j < d — 1, the sequence
0 — HI(M/M;) — HI(M/(xM + M;)) — HLTH(M/D;_1) — 0
is exact. We denote this short exact sequence by Eb7 € Exth(HLT (M/Dy_1), Hy(M/M;)).
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Proposition 3.4. (i) Suppose that x € m®™0¢;_1 is a parameter of M. Then, E%7 is determined
foralli <t—1andallj <d-—1.

(ii) Suppose that x € m3"o¢, | is a parameter of M. Then, EbJ =0 for all i <t — 1 and all
j<d-—1.

Proof. (i) It follows from Lemma 3.3 that whenever a € m™¢;_; and b € m™ are parameters
of M, then E'/ is determined for all # < t —1 and all j < d — 1. By Lemma 3.2 for each
parameter  in m?™0¢,_; there are parameters ai, ..., a, € m™c¢,_; and bq,...,b, € m™ such that
x = aiby + -+ + a;b, and that a;b; + --- + agby is parameter for every k& < r. Hence, E;J =
B, +---+ By, is determined for all i <t —1 and all j < d — 1 by Lemma 3.1 (i).

(ii) By Lemma 3.2 there are parameters ay, ..., a, € m?™0¢;_; and by, ...,b, € m™ such that z =
a1by + -+ + a,b, and that a1b; + - -+ + apby are parameters for all £k < r. It follows from Lemma
3.1 that

i, b — L2 R 0J
B = Ea1b1+--<+arbr - blEal + + bTEar =0

foralli<t—1landall j <d-—1. O

Let £ = 21, ..., 4 be a good s.0.p. of M with respect to F. By [2, Lemma 3.6] M/z4M is also a
sequentially generalized Cohen-Macaulay module with the generalized Cohen-Macaulay filtration

Fu: My = (M + xgM)/xgM C -+ C My 2 (M, + x4M)/xgM C M/z4M,

where s =t —1ifd;_1 <d—1,and s =t —2if d;_y = d — 1. Moreover, z1,...,x4—1 is a good
s.0.p. of M/xqM with respect to Fy.

Lemma 3.5. Letd > 1 and 2’ = x1,...,xq-1. Then, Ir, pja,m(2') = Ir m(2).
Proof. Tt suffices to show that e(z’; M/xqM) = e(x; M) if di—y < d— 1, and e(2/; M/xzqM) =
e(z; M) + e(a’; My_q) if di—1 = d — 1. By definition of Serre multiplicity we have

e(x’s M/xgM) = e(x; M) + e(z;0 :ps z4q).

As D;_, is the largest submodule of M with dimension less than d, it holds 0 :p; x4 C D;_1.
Obviously, M;_1 C 0 :p; 24. By Remark 2.7 (i) we have dim My = dimO0 :p; a4 and £((0 :ps
xq)/Mi—1) < oo. Thus, e(z’;0 :pr xq) = e(a’; My_1). Therefore, e(a’; M/xgM) = e(x; M) if
di—1 <d—1,and e(z'; M/xqgM) = e(x; M) + e(a’; My_1) if di—qy =d — 1.

O

The following is a generalization of [1, Theorem 4.3].

Theorem 3.6. The following assertions are true

i) For every good s.o.p. x = x1,...,xq of M with respect to F such that x; € m3no¢; for all
x J
0<i<t—1andalld; <j<dit1 then Ir n(z)=Ir(M) and

Irar(e) — () + 5 S ((di“.‘ 1) _ (di ; 1))Z(H,Z1(M/M,»)).

i=0 j=1 J

(ii) Ir,m(z) = Ir(M) for every good s.o.p. = x1,...,xq of M with respect to F contained in
m” for n > 0.



Proof. (1) We prove the assertion by induction on d. The case d = 1 is trivial since M is a
generalized Cohen-Macaulay module. Assume that d > 1 and that the assertion is proved for all
smaller values of d. Notice that M/x4M is also a sequentially generalized Cohen-Macaulay module
with the generalized Cohen-Macaulay filtration Fy

Fa: My = (My+xqM)/xgM C -+ C Mg = (Mg + xqM)/xqM C M/xqM,
where s=t—1ifd,_1 <d—1,and s=t—2ifd;_1 =d — 1. Since zg4 € m®0¢,_; we have
HE(M/(M; + x4M)) = H,(M/M;) ® HiH (M /Dy—1)

for all i <t —1 and all j < d — 1 by Proposition 3.4. Hence, m"® H3, (M/(M; + 24M)) = 0 for all
i <sandall j <d;y; —1and

C(HZ (M) (Mi+aaM))) = 0(H (M/M;)+EHEE (M/ Dy 1)) = CCH (M /M) +0(HE (M /M;-1))

for all i <t —1and all j <d; 41 — 1, since D;_1/M;_1 has finite length. We will denote ¢(H{ (e))
by h(e). By Lemma 3.5 and the inductive hypothesis we have

Irm(z) = Ir,m/eam(z)
= RO(M /(Mo + zq4M)) + édij ((df? 1> - (dij 1)>hj(M/ (M; 4 x4M))
FE(T) (4 pronia s
We now consider two cases.
Case 1. d;_; <d— 1, then s = £ — 1. We have
Irm(z) = hO(M/My)+ h'(M/M,_y)
()4 v
R (e
= hO(M/M,) +§di§::1 ((dﬂrlj_ 1) _ (dij_ 1)>hj(M/Mi)
r a3 S () () sy
SR (o
= hO(M/My) ﬁz:éd]:l ((dmj 1) _ (dij 1)>hj(M/M,-)
+ RN M/M_y) + j_z (dtjl__l 1) W (M/M,_y) +j_i ((d; 1) - (dtj1>>hj(M/Mt1)
—  RO(M/My) + :1) d;_l_l ((dmj 1) ~ (dij 1)>hj(M/Mi).



Case 2. d;_1 =d—1, then s =t — 2. We have

Irm(z) = hO(M/Mo)+h1(M/Mt-1)
: f_f((dﬁ) L
e w35 () < (4 ) s
FE((5) (o

= /M) Y 5l ((d"“.‘ 1) - (dj_ 1))hj<M/Mi> (MM )

o1 Gy LTSS » (v R W)
= BO(M/My) +i§§d§;1 (( o _1> —~ (d”j,_l))hj(M/Mi);_i (j 2)hJ(M/Mt )
- o 58 (17 (4 e

Notice that Ir a¢(y™) is a non-decreasing function in n = (n1, ...,nq) € N? for every good s.0.p.
Y = Y1, .-, Ya With respect to F (cf. [1, Proposition 2.9]). Thus we have I rq(z) = I7(M).
(ii) By the Artin-Rees Lemma there exists an positive integer k such that

k

Fmkng) cmtrg

m'Ne =m

for all m > k and all ¢ = 0, ...,t — 1. Therefore, it follows from (i) that Ir r(z) = Ix(M) for every
good 8.0.p. T = 1, ..., x4 of M with respect to F contained in m3mo+*, O

If x € m®"0¢;_; is a parameter, then since E%7 is determined for all i <t—1 and all j < d — 1,
hences the short exact sequences

0 — M 25 M/M; — M/(M; +xM) — 0
for i <t —1, where M = M/D,_1, induce short exact sequences
0 — HE N (M/M;) — HEH(M/(M; + aM)) — 0 :g7a (o) © — 0
for i <t —1 by Proposition 3.4(i). Suppose that these sequences indece exact sequences
0 —0:gararynry ™ — 0 gty (g panryy ™ — 0igg oy m — 0

for i <t — 1. We shall denote these exact sequences by F4=1 for i <t — 1.



Proposition 3.7. (i) Suppose that x € m®™0¢;_y and y € m are parameters of M. Then, F;Vyd_l
s determined for all i <t — 1.

(ii) Suppose that x € m?™°*t1¢, y is a parameter of M. Then Fo4=1 is determined for alli < t—1.

Proof. (i) For i <t — 1 we consider the commutative diagram

0 - W —2— M/M; 2 M/(M; +zM) — 0
0 - ——— M/M; B M/(M; + zyM) — 0,

where M = M/D;_; and p; and py are the natural projections. This diagram induces a commu-
tative diagram

0 Hy™H (M/M;) — Hgm (M) (M + 2M)) — 0imgon & ———— 0
0 H (M M) —= (M) (M + ayM)) —= 0t o) 79— 0.

By applying the functor Ext’;(R/m, e) to this diagram we obtain a commutative diagram

0:ga ) M - Exth(R/m, HEY(M/M;)) —— -

o Oigaanm e Ext}z(R/m,Hﬁ_l(M/Mi)) -

where «, 8 are connecting homomorphisms. Thus, 8 = y o a = 0 since y € m. Hence, F;'zyd’l is
determined for all 1 <t — 1.
(ii) follows form (i) by using the same method as in the proof of Proposition 3.4 (i). O

Corollary 3.8. Let x € m®"tl¢, 1 be a parameter of M, and let M = M/D;_;. Then,
dim g /m Soc(HY, (M/(xM + M;))) = dimpw Soc(HJ, (M /M;)) + dimpg /m Soc(HZL (M))

foralli<t—1andall j <d-1.
Proof. This follows from Proposition 3.4 (ii) and Proposition 3.7 (ii). O

By using Corollary 3.8 and the same method as in the proof of Theorem 3.6 we get the following
result.

Theorem 3.9. Then the following assertions are true

(i) For every good s.o.p. & = x1,...,xq of M with respect to F such that z; € m3"° ¢, for all
0<i<t—1andald; <j<dit1, the index of reducibility of () on M is independent of
the choice of x, and it holds

Ng((z), M) = dimpm Soc(HY (M)) + tz;;dz; ((d”j* 1) - (‘;)) dim g Soc(HE (M/M;)).



(ii) Let = x1,...,xq be a good s.0.p. of M with respect to F contained in m™ for n > 0. Then,
the index of reducibility of the parameter ideal (x) on M is independent of the choice of x.

Notice that if M is a sequentially Cohen-Macaulay module, then the Cohen-Macaulay filtration
is unique and is just the dimension filtration D of M (cf. [1]). In this case, Hm(M/D;) = 0 for
all j < d;y1 and Hﬁl{’“(M/Di) = Hgf“(M). By applying Theorem 3.9 for sequentially Cohen-
Macaulay module we obtain the main result of [12].

Corollary 3.10. Let M be a sequentially Cohen-Macaulay module of dimension d. Then there is
a positive integer n such that for every good s.o0.p. x = x1,...,xq of M contained in m™ the index
of reducibility Nr((x); M) is independent of the choice of x and

d
Ne((z); M) = dimp)m Soc(Hy (M)).
1=0
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