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1. Introduction

The fractional Brownian motion (fBm) with Hurst index H € (0, 1) is a centered Gaussian process defined by
t
wi® :f Ki(t, s)dW,, (1.1)
0
where W is a standard Brownian motion and the kernel K;(t, s), t > s, is given by

tHf% Ho1 1 tuH’% Ho1l
Ki(t,s) = Cy s(t—s)""2—|H~- < T (u—s)""2duf,
sH’i 2 s sH’Z

where Cy is a coefficient depending only on H.
Another form of fractional Brownian motion is Liouville fractional Brownian motion (LfBm) [1,2], where the kernel

Ki(t, s) is replaced by K> (t, s) = (t — s)”_%, that is a stochastic process defined by

t
1
Wi = / (t—9"dW,, a=H--.
0 2
In [3] Mandelbrot has given a relation between W[H ‘™ and W:{,(z)
1
wih O = ——[u +w?], 12
! ra+ a)[ W] (1.2)

where U; = fi)oo((t ) (—s)"‘)dWS is a process of absolutely continuous trajectories.
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It is well known that in the case where the Hurst index H = % the process WH (WH = WIH’“) or WtH"(z)) is a standard
Brownian motion and where H # % WH is neither a semimartingale nor a Markov process. Hence, the stochastic calculus
developed by Itd cannot be applied. In this paper we use the pathwise stochastic integration, which is introduced by Zdhle [4],
to consider the following fractional version of the Black-Scholes (FB-S) model:

Bond price:

dB; = rBidt; By =1 (1.3)
Stock price:

ds, = uS.dt + oS, dw!, (1.4)

where Sy is a positive real number and Wt” is either a fBm or a LfBm. The coefficients r, i, o are assumed to be constants
symbolizing the riskless interest rate, the drift of the stock and its volatility, respectively.
1

The arbitrage in the (FB-S) model based on pathwise integration was studied by Shiryayev [5] for the case of H > 3.

Cheridito [6] proved a surprising result that, for Hurst parameters H € (% 1) the mixed process Mf” = WtH’(l) +eW/] is
equivalent to a martingale eW/, as long as the standard Brownian motion W/ is independent of WIH "M He observes that

Cov(M{"*, M*) = &2 min(t, 5) + Cov(w/" ", WD),

Hence, Mf“ is an a.s. continuous centered Gaussian process that has up to 2 the same covariance structure as (W[H ’<1)).
Cheridito [6] verbally explains how this fact shows that if the stock price process in (FB-S) model fits empirical data, then
so does

dS; = uSedt + oS, dW P 4 eoS.dW};  So > 0 (1.5)

for & > 0 small enough.
It is obvious that mixed model (1.5) is arbitrage-free and complete. For a fixed value &, one can price asset with respect
to the unique martingale measure Q. and get at timet = 0

Coe) = Eq.[(Soexp(uT + o (Wi + ew})) — e TK)"]
= BS(0, Sp, 0¢),

where BS(0, Sp, o¢) denotes the Black-Scholes price of a call option on a stock with initial price Sy and volatility oe. As
& — 0, the mixed model (1.5) approaches the model (1.4), and the option price tends to

Co = lin}) BS(0, Sp, 0¢) = (So — e "TK)*, (1.6)
£—

that is, all randomness is eliminated. Cheridito [6] explains this peculiarity by the possibility that traders can act arbitrarily
fast and hence immediately exploit the predictability of the model (1.5). Thereby, they remove the random character by
means of a suitable trading strategy.

However, we can see that the mixed model (1.5) contains one random source more than the original model (1.4). This
means that the dynamism of (1.5) is different from that of (1.4) even for arbitrarily small ¢.

In [7-9], T. H. Thao has proved that a LfBm can be approximated in L?(£2) by semimartingales. We developed this result
by showing that W/ can be approximated in LP(£2) by semimartingales

t
wie :/ K(t +¢,5)dW,, &> 0,
0

where K(t, s) equals to either K;(t, s) or K,(t, s). This fact leads us to the following approximation model for stock price
process

dSf = puSedt 4+ oSEdW,; o > 0. (1.7)

This model driven by semimartingales has the same random source as original (FB-S) model. We want also to emphasize
that our approximation results is true for all H > %

This paper is organized as follows: In Section 2, we state some basic facts about a semimartingale approximation of
fractional processes and the generalized Stieltjes integral. In Section 3, our key result is stated in Theorem 3.1 that the
fractional stochastic integral can be approximated by the stochastic integration with respect to semimartingales. In Section 4,
the absence of arbitrage and semimartingale approximation of the Black-Scholes model are proved, the Black-Scholes

equation is found as well.
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2. Preliminaries
Let us at first define the following stochastic process for every ¢ > 0
t
wie = / K(t + &, 5)dW,,
0
where K (t, s) equals to either K; (t, s) or K>(t, s). We have the following proposition:

Proposition 2.1. 1. Foreverye > 0, WtH # is F;-semimartingale with following decomposition

t t
whe = / K(s + &, 5)dW, +/ ptds, (2.1)
0 0
where (F;,0 < t < T) is the natural filtration associated to W.

S

7% :/ 01K (s + &, u)dw,,,
0

DK (E.s) = dK (t,s)

I T

II. The process W[’ ** converges to WH in [P(£2), p > 0 when ¢ tends to 0. This convergence is uniform with respect to t € [0, T].

Proof. The proof of part I is as follows: applying stochastic Fubini’s theorem we have

t t s t t
/ pids = / f 01K (s + &, u)dW,ds = / / 01K (s + ¢, u)dsdW,
0 o Jo 0 Ju

t t
= / (K(t—i—s,u)—]((u—l—s,u))dwu=W[H‘£—/ K(s + ¢, s)dW;. (2.2)
0 0

Hence, (2.1) follows from (2.2).
We are now in a position to prove part I of the proposition. For any p > 0, applying Burkholder-Davis-Gundy inequality
(see, [10]) we get
p
EW/* —wHP <E

t
/ (K(t +2,5) — K(t,5))dwW,
0

)4
2

t
cp</0 (K(t+8,s)—K(t,s))2ds> : (2.3)

where ¢, is a finite positive constant and

t t
K(t +&,5) —K(t,5))ds = | K3(t + ¢, s)ds — 2
( )
0 0 0

IA

t

t
I((t+8,s)1<(t,s)ds+/ K2(t, s)ds
0

IA

t+e tA(t+e) t
/ K2(t + &, s)ds — 2/ K(t +s,s)K(t,s)ds+/ K2(t, s)ds
0 0 0

E\W/, — W/ < & (2.4)
Hence,
EWe —wWHP < ceP!.

The proof of the proposition is complete. O

Corollary 2.1. Let S, S; be the solution to Eqgs. (1.4), (1.7), respectively. Then S{ converges to S; in [P(£2),p > 0 whene — 0,
provided that H > % This convergence is uniform with respect tot € [0, T].

Proof. Let X, X, be two random variables. By Lagrange’s theorem and Hélder’s inequality we have
p

EleXt — e )P < E|(X] — X>) sup e*

min(Xq,Xy) <x<max(X1,X2)

1

2
< E|(X; _Xz)e\X1\+IX2\|P < (E[EZP\XH 4 eZPIXZ\]Elxl _X2|2P> . (2.5)
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We recall from [11] that
S, = Sge““"’WrH Sf = soeﬂt—%gsz([+s,[)+thH<s.
We now apply (2.5)to X; = —302K?(t + ¢, 1) + oW/!"*, X, = oW/ and obtain

_1.2p2 H,e H
E|Sf _St|p — Sgep/L[E-'e 30 K= (t+e,t)+o W _ean |p

1

2
< Sge"“t(E[ez"'X” + e?RlE|X; — x2|21’> . (2.6)

It is obvious that E[e??X1] 4 e?P2I] is finite because W;"* and W/ are centered Gaussian processes with finite variances in
[0, T]. Moreover, by fundamental inequality (a + b)® < c,(a” + b?), where ¢, = 1if0 < p < landc, = 2P 'ifp > 1

1
Emr—&ﬂpsq{HWﬁs—Wﬁ”+4ﬁﬂw”a+exﬂ

1 _1
< ¢ (Ssz + Ea4p84p(H z)) . (2.7)
Thus, for 0 < ¢ < 1, there exists a finite constant C(p, S, T) depending only on p, Sg and T such that
& p ZP(Hf%)
E|S; = S:I” < C(p, So, T)e .0 (2.8)

Next, we recall about a generalization of the Stieltjes integral introduced by Zihle [4]. Fix a parameter 0 < A < 1, denote
by W1=%°°[0, T] the space of measurable function g : [0, T] — R such that

80 — 80 / 80) W),
(=9 s

g lionoe = sUP ( ><—|—oo.

0<s<t<T
Clearly,
C'=**#[0, T] c W'=»>[0, T] c C'7*[0,T] Ve > 0,

where C*[0, T] denotes the space of Holder continuous functions of order A with the norm

lg(t) — gl
gl == sup |g(t)|+ sup ————
0<t<T o<s<t<T |t — 5|

We also denote by W* 1[0, T] the space of measurable function f : [0, T] — R such that
T T t
t_‘ —
11 = f POl g5 f PO =IOl - o,
0 0

st 0 (f _ S))le

For the functions f € W»1[0, T], g € W'=**°[0, T], Zihle introduced the generalized Stieltjes integral

T T
| sod0 = 17 [ sl e
0 0
defined in terms of the fractional derivative operators

1 (f(X)JrA Xf(X)—f(y)d>

KR TRV SO e

1-=2)

and

DI~g(x) = (=1* <g(X)—g(T) N Tg(X)—g(y)d>

ra-n\ T-x* x (X =y

Moreover, we have the following estimate for all t € [0, T]

/Otfdg

Iff € C*0,T]and g € C*[0, T] with A + o > 1, it is proved by Zihle that the integral fotfdg coincides with the
Riemann-Stieltjes integral.

< CIF NI 1Ig =5 00- (2.9)
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3. Approximation results

Theorem 3.1. Suppose that u; is a stochastic process belonging to C'~H*+3[0, T] a.s. with some constant § > 0, i.e.

U —u
sup |ug| + sup %51@@) a.s. (3.1)

0<t<T 0<s<t<T |

where K (w) is a finite random variable. Then
T P T
/ u,dwite —>/ u,dW! whene — 0, (3.2)
0 0

. . P . .
provided that H > % The notation — stands for the convergence in probability.

Proof. For every ¢ > 0 we consider

n

e __ e __

u = § :ufiql[fiq,fi)(t)v ur =1ur,
i=1

wheren=[I +1],t;="T, i=0,...,nand 1is the indicator function, i.e. 1, , ¢ (t) = [(1) gt;eew[\fl’;el t)

; )
Forany t € [0, T], t should belong to some interval [t;_1, t;) for some i, then the condition (3.1) leads us to the following
estimate
uf —ue| = |ue —uy_ | < KX (@)t — i)' 7HF

< KX ()|t — ti_q|"M < KP(w)e'HT8 ass. (3.3)

It is easy to see that

T T
/ u, dwi* — / u,dw)!
0 0

Firstly, we prove that the first term in the right-hand side of (3.4) converges to 0 in probability. Fix a parameter 1 — H <
A <min {4, 1 — H + 8}, applying the inequality (2.9) we have

T T T
< / W — ug)dwWH| + / U — u)dw!* +’/ utd(Whe — wh|. (3.4)
0 0 0

T
/ W — u)dWP| < COIU = ull W lhonoe a5 (3.5)
0

where C(}) is a finite positive constant and

T & T t & &
|ug — ug] [uf — ue — ug + us|
/0 Tds—i— . C—o dsdt

712 T O —u —uwfdu
< sup |u§—us|+/ / lue = te = U S|dsdt
o Jo

lu® — ullx

1—A 0<s<T (l’ — S))"H
Tl_)‘ T t ué —u —ut u

< Kz(w)sl_H+5+/ f lup —ue = u; + "dsdt.
1-4 o Jo (t —s)*+1

Noting that for every fixed t € [0, T] there exists ¢ > 0 such thatt € [t;_1, t;) with some i. We have

i—1
Clup —up —uf 4 ug _ l e fugy — U — gy + g Colug, — e — g +u)
A1 ds = A1 ds + A1 ds
D) Zk_] (t—s) - (t—s)

i—1 /tk 21(2(a))817H+5 N /‘[ I(Z(a))|t _ S|17H+5
—~ Ju (t _ S))Hr] fy (t _ S))”L]
2K (w)e! M+ o K?*(w)
= et
A 1-H—-X+$
2K2 ) 81—H+3 K2 ) 81—H—)»+5
< ()70 — i)t + ()7
A 1-H—A+9$

ds

—1

(£ =)

(3.6)
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Hence,

)81—H+8 K2(w)81—H—)»+8

T
/ t—ti)*dt+ —— >0 (3.7)

K*(w) 2K (w
v —u < t— . q)THoAD
Il ||A,1_] ( i-1) + T—H—7+ts

—H-—XA+$6 - A 0

as ¢ — 0 because the integral in the right-hand side of (3.7) is finite.
It is well known that W* has (H — n)-Hélder continuous paths for all n € (0, H) (see, [3]), i.e. there exists a finite random
variable K;, (w) such that

WH —WH| < K, ()|t —s|"™" Vt,s €0, T]as.
For0 < n < A — (1 — H) we have

W ~ wp (W= / o
ke 055<?§T (t_s)l )‘ 5)2 - v

Ky () sup ((t—s)”“‘"‘1+ / (y—s)”“-"—zdy>

0<s<t<T

IA

(3.8)

IA

Ky()TH= =114 — )
n(a)) + H T 3 — 7 — 1
As a consequence, by combining (3.5), (3.7) and (3.8) the first term in the right-hand side of (3.4) will converge to zero
in probability as & — 0.
Next, we prove that the second term in the right-hand side of (3.4) converges to zero in L?(£2) by using the decomposition
(2.1).
T
E ‘/ W — u)dw!*
0

2

| /\

2 ‘

+E ‘/ (Ui — ug)psds

IA

/ E(uf — ug)*K?(s + &, s)ds + g2 7212 / E |K2(w)go§|2ds. (3.9)
0 0
It is obvious that the first term in the right-hand side of (3.9) converges to zero in L*>(£2) because E(u{ — u)? <
E[K*(w)]e2~2"M+2 and K (s + ¢, 5) — K(s,s) = 0ase — 0.

Applying the Holder and the Burkholder-Davis-Gundy inequalities we have

s 1/2
E K@)t < (E|1<<w>|8)”2(5| / 811<<s+s,u)dwu|4>
0

N
< cf 181K (s + &, u)|>du,
0

where C is a finite constant. We recall that

H_1

t 2
Gt =972 itwf =w/ O,
K (t,s) = s72

1
<H—f> -5 ifwH =w"®.

There exists C' not depending on & such that

S C/
E[K2(@)¢t]” < C / (+e—wPdu= —— %72 — (s 4+ £)¥2,
o 2—2H

and so the second term in the right-hand side of (3.9) converges to zero in L?(£2).
Finally, we prove that the third term in the right-hand side of (3.4) converges to 0.

T n
/ ufdW — Wl = u W =W =W W) (W — W)
0 i=1

n
=Y (g, —u )W = W+ ur (Wi — wy). (3.10)
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. . He Hy P@) He P@) oy
It is obvious that ur (W;** — Wy') —— 0 because W —— W;'. Moreover, we have

n n
D g, —u) (W = WiH| < K@) Y Ity — 6] Iwie — wy, (3.11)
i=1 i=1

i=
and

n 1

n 2
“H48 p/H, —H+3 H,
E E ltioy — 6T W — Wl < E Ity — 6] (E|th- S—W5|2>
i=1 i=1

n 1-H43
o1 \ 7
n

< 281—H+58H
o1

T 1+8
—+1|e™ — 0 whene — 0. (3.12)

&

Thus, the proof of the theorem is complete. O

Remark 3.1. Another approximation approach is given by Androshchuk [12] who proved that for a stochastic process
u e C?72+5[0, T] ¢ C'-H+3[0, T] a.s. the fractional stochastic integral can be approximated by integrals with respect
to absolutely continuous processes. More applications to finance is introduced by Mishura [13].

4. Applications to fractional Black-Scholes model

Theorem 4.1. Suppose that H € (0, 1). For fixed ¢ > 0, the approximation models (1.3) and (1.7) has no arbitrage.
Proof. Using (2.1) we can rewrite (1.7) as follows

dSt = (u + 0¢?)SEdt + oK (t + ¢, £)SEdW,;  Sp > 0. (4.1)
From [ 14, Theorem 12.1.8] we have only to prove that the stochastic process

mroer —r
oK(t+e,t)
satisfies the Novikov’s condition

1 T
E[EXP(Z/ u(t, w)dt)j| < o0.
0

The latest inequality holds obviously because ¢; = fot 01K (t + e, u)dW, is a Gaussian process with finite variance.
Thus, the proof of the theorem is complete. O

u(t, w) =

A strategy in this model is a pair of adapted stochastic processes m = (o, B;), where the processes o; and 8; denote the
number of bonds at time t and number of stock shares held at time ¢, respectively. Thus, the corresponding wealth process
is given by

Vi = a¢Be + B¢St,

where B; and S; are the bond price and stock price at time t, respectively.
We make the following assumptions about the strategy 7:

(A1) m is a self-financing strategy, i.e.

t t
Vi=Vo+ / asdBs + / BsdSs
0 0
where the second integral in the right-hand side is a pathwise integral.
(Ay) m is a strategy of the following form (Markov-type strategy)
ar = a(t,S), Be = B(¢,S).

Next, we will prove that in the class of the Markov-type strategies the wealth process can be considered as a limit of
semimartingales. Indeed, we have

V= a(t, S5)B: + B(t, SOS
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or equivalently,

t t
Vi = V0+/ als, Sf)st—i—f B(s, S¢)ds;
0 0

t t
=V, +/ [oc(s, SE)IBs + up(s, sf)s;]ds+/ o B(s, SH)SEdWH=,
0 0

From the semimartingale decomposition (2.1) we obtain

t t
Vi =V +/ [roc(s, SO)Bs + wB(s, SOSE + ol B(s, SE)SE |ds + f oK (s +¢&,5)B(s, S°)SE AW,
0 0

which means that V{ is a semimartingale.

1851

(4.2)

Theorem 4.2. Let H > 1 and assume that the self-financing, Markov-type strategy v satisfies the following conditions with

2
some constants 81, 85, 63 > 0

(Cy) Ja(t,x) —a(t,y)| <M|x—y|1 Vx,y € RVt € [0, T].

(C2) 1B(t.%) — (5. X)| < MIt — |2 Vx e R¥t,5 € [0, T].
(C3) B(t, x) is a differentiable function in x and

IBL(t, x)] < M(1+ |x|®) VxeR.

Then V¢ 5 Viase — Oforanyt € [0, T].
Proof. We have
t t
Vi = VO+/ a(s, Ss)st+/ B(s, Ss)dSs
0 0

t

t
— Vot / [ac(s. So)7Bs -+ pB (s, S5, ]ds + / o (s, S5)S, AW,
0 0

t t
Vi = Vo—i-/ afs, Sf)st—f—/ B(s, 59)ds;
0 0

t t
v0+/ [ae(s, SEITBs + pp(s, s;)sf]ds+/ o B(s, SHHSEAW! .
0 0

Hence,
t t
Ve V| < / (s, ) — (s, So)| reds + uf 18G5, S5)SE — B, So)S:| ds
0 0

t t
+ / o B(s, SHSEdw!e — / o B(s, S5)Ssdw )
0

0

= I] + Iz + 13.
First, by using Holder’s inequality and the condition (C;) we get

E[I7]

IA

t t
/ r? ezrsdsf Elac(s, SF) — a(s, So)[*ds
0 0

M2 _ 1 ¢
S / ISt — S,1ds.
2 0

2
Consequently, Corollary 2.1 implies that I ﬂ Owhene — 0.

(4.3)

(4.4)

Next, we prove that I, also converges to 0 in ?(£2). Indeed, put f(t, x) = B(t, x)x, uf = f(t,S/) and u; = f(t, S) then by

Hélder’s inequality we have

Eluf —u > < E[AG, 0S¢ —S)]
1 1
< [EIAE, 012 [ElS; — Si1*]2,
where
of (t, x
A(t,x) == sup AGL) .
min(SE,S¢) <x<max(sf,S¢) ax

(4.5)
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From Corollary 2.1 we have

1
[EISf — Se*]? < C(So, V"> > 0 (4.6)

uniformlyint € [0, T] as ¢ — 0. Therefore, we need only to prove that the first term in the right-hand side of (4.5) is finite.
Using the conditions (C;) and (C3) we have

f (£, %) ,
< 1B, %) + |B(t, X)x]
ox
< 1B, X)| + Me2 % 4 M(jx| + [x|7+2).
Hence,
A(t,x) < sup (1B(0, X)| + M3+ + M(1x| + [xI™%))
min(S ,S¢) <x<max(S{ ,St)
< B0, S)| +MT2 % 4 M sup (Ix] + |x|1+%%)

min(Sg ,S¢) <x<max(Sf ,S¢)

< [B(0.S)| +MT2%2 + M sup (x| + |x|'+%3)
|X|<Sf+S¢

< B0, So)| + MT 2452 4 M(ISF + S| + [SF + S,
and the inequality (a + b + ¢)? < 3(a® + b? + ¢?) leads us to
E|A(t, 0)|* < 27[(B(0, So) + MT2+92)% | ME|SE + S¢|* + M*E|Sf + S, [*%2)].
Now it is enough to prove E|S{ + S;|P < oo for any p > 1. We have
E|SF +S¢|P < 2P7N(E|S?|P + E|S:[P)

< zpflsg (Eep(up%azk(me,r)wwﬁ*s) + Eep(//.tJrrrWtH)). (47)

Obviously, the right-hand side of (4.7) is bounded by a constant Cr because WtH’g, W[” ,t € [0, T] are centered Gaussian

e . 1*(2 . .
processes with finite variances. Thus, uf ——(——)> u; uniformly in t € [0, T] when ¢ — 0 and

t 2
ElL> = ;LZE(/ W — us)ds) < pu?T? sup Ejuf —u> - 0, &— 0.
0

0<s<T

Finally, we show that I3 L Owhene — 0.

¢ t

/ outdw!® —/ oudw/!
0 0
t t t

/ o (uf — ug)dw!* f oudwie —/ oudw!
0 0 0

Since S; € C{ [0,T] = ﬂk% C?[0, T] and under the conditions (C,), (C3), the simple estimate

Iy =

< + . (4.8)

lue — us] < [B(t, S)Se — B (s, S)ISe| + 1B(s, SISt — B(S, S)Ss]

implies thatu, € C : [0, T]. Hence, the convergence of the second term in the right-hand side of (4.8) to zero in probability
follows from Theorem 3.1. The first term converges to zero in probability because of Lemma 4.1. Indeed, we have from the
chain rule for Malliavin derivative
H
Dsur = Ds[B(t, S)Se] = [By(t, S)Se + B(¢, S)IDs[Soet 7"t ]
oSt[By(t, SISt + B(t, SHIK (L, 5)

which implies that the condition (4.9) holds.
Thus, the proof of the theorem is complete. O
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Denote by D2 C [?(£2) the space of Malliavin differentiable variables with the norm

1

1 T 2
IFll1.2 := [EIFI*]? +E|:f |DuF|2du} .
0

Lemma 4.1. Suppose that H > % Let u, u® € D2 be adapted stochastic processes satisfying the condition

T t
/ / |Dsu; 81K (t, s)dsdt < oo a.s. (4.9)
0 0

If uf — u; ucp (uniform convergence in probability), thatisV t : |uf — u;| < Ce a.s. with some y > 0 then
T
lim [ W —u)dw!* =0 (4.10)
e—>0 Jo
in probability.

Proof. From the decomposition (2.1) we have
T T T s
/ W — u)dw!"* :/ (uf —uS)K(s+8,s)dW3+/ (uf —us)/ 31K (s + ¢, t)dW,ds.
0 0 0 0

Since lim,_, ¢ fos 01K (s + &, t)dW,; does not exist, we cannot take the limit as ¢ — 0 directly. However, the anticipating
stochastic Fubini’s theorem (see Theorem 3.1 [15]) yields

T T T T
/ W — u)dwhs = / U — u)K(T + &, s)dW; + f / WU — up — ul + ug) 01K (s + &, £)dtSWs
0 0 0 s

T t
+ / dt/ Ds(uf — up)01K(t + €, s)ds
0 0
= A1+ Ay +As,

where D,F is the Malliavin derivative of variable F and §W; is the Skorokhod differential.

It is easy to see that A;, A, — 0 because u; — u; ucp and the condition (4.9) is enough to ensure the convergence of A3
to zero.

Thus, the proof of the lemma is complete. O
Theorem 4.3. Suppose that H > % Let C(t, S;) denote the value of a European call option at time t in the approximation (FB-S)
models (1.3), (1.7). Then the Black-Scholes equation is given by

8¢ ac ., ocC
35°)? +r8535 +§—rC:0 (4.11)

and as a consequence, the Black-Scholes equation in (FB-S) model is

1
5<721<2(t + &, £)(5%)?

01 im0 (4.12)
r—S+——r1C= :
as” ot

which gives us the explicit formula for price of a European call option at timet = 0

Co=(So—e TK)*. (4.13)

Proof. Using It0’s differential formula, we get

ac ac 1, , , 9%C ac

We form a portfolio consisting of

e one unit of the option C,
e ashort position on Z?Tcg units of the stock S¢ and

e adebt of A(t, S®) at the risk-free interest rate r.
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The value process R(t, S7) of this portfolio satisfies

aC
dR = dC — —dS* — Ardt
aSs¢

ac 1, , 3¢
= | — 4+ =0 2K%(t + ¢, t)(5°)? — Ar|dt.
[at F oKt e D) Ty —AT

Now we choose

P S e
=—|—+-0 e,
r| ot 2 9(5%)2

then dR = 0. Obviously, the portfolio does not yield any return, hence its value itself must also be zero. This leads to the
Black-Scholes partial differential equation

S + oc Sf+ oc C=0 (4.15)
r — —1C = .
3(5¢)? 0S¢ ot
which has to be solved with respect to the boundary conditions
C(t,00=0 Vtel0,T],
C(T,S5) = (S5 —K)T.

1
5021<2(r + &, £)(5%)?

Eq. (4.12) follows from (4.15) by taking the limit as ¢ — 0.
Thus, the proof of the theorem is complete. O

Remark 4.1. Eq. (4.15) holds for all H € (0, 1) and in the case, Wt” = WtH’(z) is LfBm, it becomes

1,, 92C ac aC
—o%e? (5%)? r—S+-——-1rC=0 4.16
27 ) e e (4.16)
and we get the price of a European call option

Co(e) = SoN(dy) — e "TKN(dy)
In 5,7?+(r+7‘72§2a )T In 570+<r—7”2§2a )T

0T ’ dz = oe?T
Obviously, for H = % we get the well-known Black-Scholes pricing formula.

where d; = and N (x) is the standard normal cumulative distribution function.
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