FRACTIONAL GEOMETRIC MEAN REVERSION
PROCESSES

NGUYEN TIEN DUNG

ABSTRACT. We use a method developed in Carmona et al. (2003)
[2] to study the fractional Geometric mean reversion processes.
Our obtained results hold for any H € (%, 1).
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1. INTRODUCTION

It is known that, for commodities, interest rates and exchange rates,
a financial mean-reversion model has more economic logic than the
geometric Brownian model. The basic geometric mean-reversion model
is of the following form

(11) dXt = k‘(,u —In Xt)Xtdt + O_XtdBt,

where p is the long-run equilibrium level (of a stock price X, say), k
is the speed of reversion, and B; is a standard Brownian motion.

However, many observations show that an asset price or an interest
rate is not always a Markov process since it has long-range aftereffects.
And in this context, it is suitable to express it as a dynamics driven by
a fractional Brownian motion.

In this paper, we study a class of fractional geometric mean rever-

sion processes expressed by a fractional stochastic differential equation
(SDE) of the form

dX; = (e — ke In X;) Xydt + 0, X dWH | 0<t < T,
(1.2) X =
0= > 0,
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where W/ is a fractional Brownian motion of the Liouville form. This
can be considered as a generalization of many important financial mod-
els such as that of Black-Scholes, and of (1.1) which was used by Tvedt
[11] to model spot freight in shipping.

The fractional Brownian motion (fBm) of the Liouville form with
Hurst index H € (0, 1) is a centered Gaussian process defined by

(1.3) whH = /K(t, s)dB,

where B is a standard Brownian motion and the kernel K (t,s) = (t —
s)*, a=H-—1.

In the case where H = %, WH is a standard Brownian motion and for
H # L WH is neither a semimartingale nor a Markov process. Hence,
the stochastic calculus developed by It6 cannot be applied.

In this paper we use an approximate approach introduced by Tran
Hung Thao and Christine Thomas-Agnan [8] with the fundamental re-
sult saying that a fBm can be L2?-approximated by semimartingales.
This approach was used by Thao to study the fractional Ornstein-
Uhlenbeck process and fractional Black-Scholes model [8, 9, 10] and
then by N. T. Dung [4] to solve a class of fractional SDE’s with poly-
nomial drift. In those papers, authors used the definition of the frac-
tional stochastic integral as a limit in L?(Q) of stochastic integral with
respect to semimartingale, if it exists and their results hold only when
H> 1

In [2], Carmona, Coutin and Montseny have given an sufficient con-
dition (see hypothesis (H) below) for existence of limit in L?(Q2) and
so the fractional stochastic integral can be explicitly represented via
the Skorohod integral and the Malliavin derivative.

Our paper follows Carmona, Coutin and Montseny’s work and is
organized as follows: In Section 2, we restate some basic facts about a
semimartingale approximation of fractional processes and the definition
of fractional integral. Section 3 contains main result of this paper
that the explicit solution of (1.2) is found. Section 4 contains some
comments.
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2. PRELIMINARIES

Theorem 2.1. The fractional Brownian motion {WH 0 <t < T} can
be approzimated uniformly in t in L*()) by the processes

t
MQH’az/K(the,s)st, e > 0.
0

WtH’E 15 Fy-semimartingale with following decomposition
t t

t
(2.1) Wit = /K(s + €, 8)d B +/<p§d8 =B + /@id&
0 0 0

where (F;,0 < t < T) is the natural filtration associated to B or WH
and

@S = /&K(s +e,u)dB,, 1K (t,s)=at—s)*"
0

Proof. A detail proof of this theorem can be found in [10]. O

From now we denote by (H) the space of stochastic processes satis-
fying the following hypothesis:

Hypothesis (H): Assume that f is an adapted process belonging to
the space DEQ and that there exists § fulfilling 3+ H > 1/2 and
p > 1/H such that

T
E [(fu—fs)2+g(DrBfu—DrBf5)2dr]

@) [1f12:> == sup e is finite,
B 0<s<u<T

(ii) sup fs belongs to LP(Q2).

0<s<T

Remark 2.1. The space D}E;2 is defined as follows:

For h € L*([0,T],R), we denote by B(h) the Wiener integral

T

Bh) = / h(t)dB,.

0



4 NGUYEN TIEN DUNG

Let S denote the dense subset of L(£2, F, P) consisting of those classes
of random variables of the form

(2.2) F = f(B(h), ... B(hy)),

where n € N, f € C°(R", L*([0,T],R)), hy, ..., h, € L*([0,T],R). If
F has the form (2.2), we define its derivative as the process DPF :=
{DPF,t €10,T]} given by

DPF = ; %(B(hl), oy B(h))his(t).

We shall denote by D3 the closure of S with respect to the norm

N[

P = [E1FP) + B| [ 1DEFPad]

It is well known from [2] that for an adapted process f belonging to
the space Dj” we have

(2.3) /fdeHs /fs (s +¢,5)dB, +/fsg05ds
/fs (t+¢,5)dB, —l—// — f5) 01K (u + €, s)dud By

/ / DPf 00K (s + &, u)duds,

0

where the second integral in the right-hand side is a Skorohod integral

(we refer to [7] for more detail about the Skorohod integral). For f €
t

(H), [ fs dWH* converges in L*(2) as e — 0. Each term in the right-
0

hand side of (2.3) converges to the same term where € = 0. Then, it is
"natural” to define
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Definition 2.1. Let f € (H). The fractional stochastic integral of f
with respect to W is defined by

(2.4) /thde:/tsz(t, s) dBS+/t/t(fu—fs)81K(u, s)dud B
0 0 0 s

u

—l—/du/foualK(u, s)ds .
0

0

3. THE MAIN RESULT

Our main contribution here is to introduce an approximation equa-
tion for the fractional geometric mean reversion process Xy, to find its
solution X7 and to prove the uniqueness of this solution. Also the so-
lution of the initial problem is shown to be exactly the L?-limit of X}
when £ — 0.

Let us consider the semilinear differential equation in a complete
probability space (Q, F, P)

(3.1) dXy = (e — ke In X)) Xodt + 0, X, dW/H |t €1]0,77,

where the coefficients i, ki, 0; are the deterministic functions and the
initial condition X, = x is a positive constant. Since the Malliavin
derivative DZf, = 0 for any deterministic function f, we have the
following definition

Definition 3.1. The solution of (3.1) is a stochastic process belonging
to the space (H) and that has a form

¢ ¢
(3.2) X, =Xo+ /(us — ksIn X)) Xods + /O'SXSK(t, s) dB;
0

0
t ot
—l—//(auXu—asXs)@lK(u, s)dud By
0 s

t s
—i—//astXs " K(s,u)duds.
0 0
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Since the equation (3.2) contains the Skorohod integral and the
Malliavin derivative, we cannot apply standard methods (for instance,
Picard iteration procedure) to prove the existence and uniqueness of
the solution. However, the fact that W/ can be approximated uni-
formly in ¢ € [0,T] by semimartingales W, leads us to consider the
approximation equation corresponding to (3.2)

¢ t
(3.3) X;=Xo+ /(,us —ksIn X2)XEds + /angK(t +¢,5) dB;

0 0

¢t
+ / /(UMXZ — 05 X)W K(u+ ¢, s)dud B
0 s

t s
+//JSD§X501K(s+s,u)duds,
0 0

Noting that in (H), the solution X} of (3.3) converges in L?(Q) to the
solution X; of (3.2). Thus, we can find the solution of (3.2) by solving
the approximation equation (3.3) in (H) and then taking limit in L?((Q)
as € — 0.

Now we can rewrite the approximation equation (3.3) as follows
dXE = (i — ke In XO)XEdt + oy XEdW[*
or
(3.4) dX; = (e + o] — ke ln X7) X[ dt + 04 X[ dBy.

In reversion, it follows from (2.3) that the solution X7 of (3.4) will solve
(3.3) if it belongs to D>,

In the remain of this paper, we always assume that the coefficients
[, ky are continuous functions and o, is a continuously differentiable
function in [0, 7.

The stochastic process ¢f is not bounded. However, the existence
of the solution of (3.4) can be proved as in Theorem 3.1 below and
we can establish the uniqueness of the solution of equation (3.4) by
introducing the sequence of stopping times

¢
v = inf{t € [0, 7] : /(gpi)2d3 >M}NT,
0
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and considering the sequence of corresponding stopped equations
(35) dXtE/\T]\/[ = (H’t/\T]\/I + UtAT]M (pi/\TM - kt/\T]M ln th/\T]y[ )Xta/\TM dt
=+ Ut/\TMgaXtE/\TMdBt-

We can verify that the coefficients of (3.5) satisfy the local Lipschitz
condition. Hence, the uniqueness of the solution is assured (see, for
instance, [6]).

Theorem 3.1. The solution of (3.4) is given by

t t
— [ kudu 1
(3.6) X; =exp (e ! In X + / (s — 50?520‘)6

t

— tkudu
+/ase ! dWSH’E).

0

Moreover, if the Hurst index H > 1 then X; € (H) C D},

Proof. Put Y7 =In X;. The Ito differential formula yields

1
(37) d}/f = (,ut -+ Utgpf — 50’?52a — ]{ItYf)dt + O'tgadBt.

Using a method similar to [5, Proposition 4.2}, we can find the explicit
solution of (3.7) by

t t s t s

— [ kudu 1 J kudu J kudu

Yi=e 0 (YO + / (Ms — 503520‘)@0 ds + /0'560 dWsH’€>.
0 0

Consequently, (3.6) is proved. Next, we prove that any order moment
of X7 to be finite. We have

(38) E|Xt5|n — Eean — enafEenmtb§7

¢
— [ kudu .

t
where my = e o af = my(InXo + [(ps — 202e*)mds), b =
0

1
2
t

[ oamItdWH=.

0

Since o,m; ' € C[0,T], the stochastic integral b5 can be understood
as Riemann-Stieltjes and as a consequence b; is a centered Gaussian
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process. We can prove its variance is finite and then E|X;|" so does

for every fixed € > 0. Indeed,

2

E|b5|? = ‘/0560 « wids + e*dBs)

t

<2ME'/ “ds +2M/ e%ds = 2M (E|W/ —c“ B>+ /€2ads),
0
kaudu
where M = sup o2e ©

0<s<t

(T +¢)*

E|bj* < 2M E[W/™ | + 36*1) < 2M [*——

+ 3e%T].

Finally, we will show that X7 satisfies hypothesis (H). By the La-
grange’s theorem and the Holder’s inequality we have

E|X; — X{|P = Bl — &7
< EJA(t ) (Y7 =Y

1 c e141t
< [BJA(t, o)1)= [BlYE - Y72,

where A.(t,s) = sup e” that has fourth moment be-
min(Yg,Y£) <o <max(YE V)

ing finite because A.(t,s) < el¥7H¥<l,

By the inequality (a + b)? < 2P~1(a? + bP) for any p > 1 we have
ElY = Y7|" < 8(Ela; — af|" + Elm:b; — mybi]).

It is obvious that |af — ai| + |my — mg| < M|t — s| with some finite

S
.. fkudu .
positive constant M.. We put ¢, = osm; 1 = g.ed then cs 1S a

deterministic function fulfilling hypothesis (H) with g = and b can
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be represented as

t t t
(3.9) b = /csK(t +e,8)dB; + //(cu —¢s) K (u+ ¢, s)dud By
0 0 s

t

t t
= /ctK(t +e,v)dB, + / / K(u+ ¢e,v)c, dudB,
0 v

0
t

t u
= ¢, W/ + / / K(u+ ¢e,0)¢,dBydu = ¢, W< + / WHed du.
0 0 0
Hence,

t
BB — 0| < Ele, W/ — e, W=t 4 /E|Wf»fc

S

Wl du

< M|t — s|,
where M. is some finite positive constant. Thus, for s,¢ € [0,7] then
(3.10) E|XE — X°2 < M|t — s|2.

We have from the chain rule for Malliavin derivative and the expression
(3.9) for any 0 < r <t

DEX = XEDEYF = Xm DY
t
= X;my (K (t+¢e,r) + /K(u +¢e,7)d,du).
0
and
T
(3.11) /E\D{?Xf — DEXEdr

0
tAs

<2 / E|Xime,K(t +¢e,7) — Xemye, K (s +¢e,7)2dr

0
tAs t

+2 / E|X;my / K(u+e,r)d,du— Xm; / K(u+ ¢, 7)c,dul*dr
0 0 0

Y
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where, in above estimates, we used an elementary result that
tAs
/ |K(t+e,7)— K(s+e,r)’dr < E\W[,. —WE_|? =t — s]*".
0

Combining (3.10) and (3.11) we get

||X8||il’2 — M€ sup |t _ S|min(%,2H)_2/6’
B O0<s<u<T

which means that X¢ satisfies the condition (i) in (H) for any § — H <

B < min(}, H), provided that H > 1. The condition (ii) in (H) is

proved as follows:

p
( sup Xf) < sup eP% exp( sup pmtbf).

0<t<T 0<t<T 0<t<T

Noting that aj, m; are deterministic functions and b; is a Gaussian

process with finite variance. Therefore, {Z; = 2 m;bf,o <t<T}isa

pre-Gaussian process for any A > 0. By the results in [1] (Corollary
1.1, page 79 and Lemma 3.1, page 140) we have sup X7 € LP(Q) for

0<t<T

anyp2%>1.

The proof of Theorem is thus complete. O

Now taking the limit in L?*(2) as ¢ — 0 we obtain the following
theorem

Theorem 3.2. Consider the fractional stochastic geometric mean re-
version equation (1.2). If H > %, its solution is unique and given by

t t t i t
— [ kudu — [ kudu — [ kudu
X, =exp (e 0 lnXo—l—/,uSe f ds—i—/ase f dWSH)
0 0
If H = %, the solution is a well-known classical lognormal process

t t

- tkudu 1 — tkudu - tkudu
X, = exp (e of lnX0+/(us—§U§)e { ds—i—/ase “sf dBS>.
0

If + < H < 5, (1.2) has no solution.

Proof. In the case, H = %, the proof is trivial. When H > %, using

similar estimates as above we can prove that X, satisfy the hypothesis
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(H) and so it solves (1.2). The equation (1.2) has no solution when
1 < H < 4 since L-lim X§ = 0. 0

e—0

Remark. In the case H > %, the solution X; is also a lognormal

. .. ¢ _.f kudu H :
process because the fractional stochastic integral [oge * dW; is
t 0
2 7: . . ¢ _f kudu H . . .
a L?-limit of the Gaussian process [oge s dWHM<. This significant

0
property make X; as a natural candidate not only to model spot freight

rate in shipping but also to model stock price in mathematical finance.
We refer to [3] for an excellent application of fBm to finance.

4. CONCLUSION AND POSSIBLE EXTENSION

The semimartingale approximate method presented in this paper can
be used to study a wider class of the fractional stochastic differential
equations of the form

(4.1) dX; = b(t, X;)dt + o X, dW | 0<t <T.

From practical point of view, it is important to find the explicit expres-
sion for the solution of each specific model. The present paper show
again that the semimartingale approximate method has more advan-
tages for this.

It is well known that in the special case H = %, the anticipate differ-
ential equation (4.1) is the widest class that it can be explicitly solved.
In our context, (4.1) can be approximated by a classical stochastic
differential equation with the same initial condition

(4.2) dX; = [b(t, X7) + opp; X7 ]dt + %0y X;dB, , 0 <t <T.
The explicit solution of (4.2) is given by
ZE
Xxe= 2t
t }/;5 ?
t t
where Y7 = exp (3 [ 02e%ds — [ o0,dWH<) and Z is the solution of
0 0

the ordinary differential equation

€

Z
dz; = YSo(t, Shdt | Z = Xi = Xo.
t



12

NGUYEN TIEN DUNG

For a suitable function b(¢, z), the solution of (4.1) will be a L-limit
of X7 ase — 0.
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